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Chapter 1

Why I wrote this book

Page status: draft author preface for Frederik Geth's review.

This book grew out of difficulties I encountered while learning to build power-system models and developing
research software. I could often find a formula for assembling an admittance matrix, yet still struggle to
determine exactly what its indices represented, which assumptions justified a simplification, and how to recover
the equipment quantities my study needed.

Those questions cost time. An apparently small convention about terminals, orientation, grounding, or a volt-
age base could affect a derivation, a data structure, and a numerical result. Moving between them meant
reconstructing choices that were not always explicit in the material I was learning from.

Working on software, including PowerModelsDistribution, made these questions practical. A convention left
implicit in a derivation eventually becomes an implementation choice. A model can be useful for its intended
study and still be easy to misuse when carried into a different one. Explaining that boundary is part of making
research software useful to the next person.

I want the next researcher to spend less time reconstructing those choices and more time asking useful scien-
tific questions. The examples here make the choices explicit and provide calculations that readers can inspect,
challenge, and reproduce. Some examples show a failure; others show exactly why a familiar simplification
works. Both are necessary for learning to choose a model well.

The book is for power engineers willing to work through precise assumptions, and for computer scientists and
operations researchers entering power-system applications. It asks readers to follow the chain from equipment
and circuit equations to representations, constraints, and computation. It does not require that every study
use the most detailed model available.

This is also an unfinished research and teaching project. It has been developed with substantial assistance from
language models, under my direction and review. Executable checks, derivations, and source records make
parts of the work inspectable; full independent human review remains incomplete. A recorded calculation
should be read with its assumptions and evidence status. Corrections that sharpen those statements are an
essential contribution to the book.

Frederik Geth — draft for author review
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Part 1: A plausible model gives the wrong
answer
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Chapter 2

The parallel-member lesson

Page status: introductory counterexample with executable scalar and multiconductor evidence; independent
mathematical review remains open.

By the end of this lesson, you will be able to check a parallel-branch replacement, recover its member currents,
and derive a correct aggregate rating for a fixed scalar example. You need Ohm's law and inequalities; the
calculation runs with standard-library Python.

Predict before calculating

Two lines connect the same buses. Each is rated for 100 A, but one has ten times the conductance of the other.
Can the pair safely carry 200 A?

Write down a prediction, including how you expect the current to divide. First examine the current split in this
resistive model:

Figure 2.1: At a 15 V drop, a 165 A aggregate current passes the summed rating but its 150 A first-member
current violates the 100 A limit.

4



CHAPTER 2. THE PARALLEL-MEMBER LESSON 5

Assume fixed, uncoupled, series-only resistive branches with common endpoints, no shunts, and no other con-
straints in this local calculation. Consider two scalar resistive branches ℓ1ij and ℓ2ij with intrinsic impedances

Zℓ1 = 0.1 Ω, Zℓ2 = 1.0 Ω,

and member current limits

Imax
ℓ1 = Imax

ℓ2 = 100 A.

Writing∆U = Ui − Uj and Yℓ = Z−1ℓ , the terminal currents are

Iℓkij = Yℓk∆U, k ∈ {1, 2}.

Here k identifies a member, and positive current follows the stored orientation from i to j.

Replacing the pair by one branch with

Yeq = Yℓ1 + Yℓ2 = 11 S

is exact for the unconstrained total terminal-current relation. It does not follow that the replacement is exact
for a decision problem with member limits.

The feasible sets differ

The source model requires both inequalities

|Yℓ1∆U | ≤ Imax
ℓ1 , |Yℓ2∆U | ≤ Imax

ℓ2 .

Hence its admissible voltage-drop magnitude is

|∆U | ≤ min
{
Imax
ℓ1

|Yℓ1 |
,
Imax
ℓ2

|Yℓ2 |

}
= 10 V.

A tempting aggregate construction assigns the equivalent branch the summed rating, Imax
eq = 200 A. It

admits

|∆U | ≤ 200

11
V ≈ 18.18 V.

At the witness ∆U = 15 V, the equivalent branch carries 165 A and satisfies its aggregate limit. Recovery
gives
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Figure 2.2: Voltage-drop discs on one scale: source radius 10 V, aggregate radius 200/11 V, and witness at 15
V.

Iℓ1ij = 150 A, Iℓ2ij = 15 A,

so the source violates the ℓ1 limit. The target feasible set is therefore an outer relaxation of the source feasible
set.

The figure is generated by experiments/render_parallel_feasible_set_card.py. The retained and aggre-
gate regions are discs in the complex ∆U plane, plotted in volts on identical horizontal and vertical scales.
The point (15, 0) lies in the target’s extra region. No weighted or coupled constraint is represented in this
scalar plot.

Repair the aggregate

The source requires |∆U | ≤ 10 V. Since the total current is 11∆U , the exact aggregate current-magnitude
cap for this fixed scalar model is

Imax
eq,exact = 11× 10 = 110 A.

This rating reproduces the local member-constrained voltage-drop set. Bothmembers remain recoverable from
∆U and their retained admittances. At the cap, member currents are 100 A and 10 A. The weakly conducting
member cannot use its remaining capacity independently of the common voltage drop.

A correct reduction can therefore be useful. Its rating must be derived from what the study constrains. The
110 A cap belongs to this fixed member set; opening a member changes both the equivalent admittance and
the cap. Retain member identities and a state-dependent construction if outages are decisions.
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A decision problem exposes the gap

The same mechanism changes an optimum in a two-bus maximum-served-load model. Let the parallel mem-
bers have

(bℓ1 , bℓ2) = (1000, 100) MW/rad, (Fmax
ℓ1 , Fmax

ℓ2 ) = (100, 100) MW,

with Fℓij = bℓδij , nonnegative δij , and served power equal to total flow. The source model keeps both
member laws and both limits. The naïve target uses beq = 1100 MW/rad and Fmax

eq = 200 MW.

Formulation Maximum served
power

δij Active restriction

source members 110 MW 0.1 rad Fℓ1ij ≤ 100 MW
naïve aggregate 200 MW 2/11

rad
summed 200 MW
rating

aggregate relation with exact lifted member
constraints

110 MW 0.1 rad recovered
Fℓ1ij ≤ 100 MW

The displayed exact lifted formulation retains every member law and both member limits:

Fℓij = bℓδij , Fℓij ≤ Fmax
ℓ for every ℓ,

alongside the aggregate terminal relation. It therefore reproduces the source feasible set and optimum without
pretending that a summed scalar rating is exact. This computed comparison is claim TR-PAR-003. JuMP and
Ipopt produce the machine-readable result in experiments/generated/parallel-opf-comparison.json; the
analytic values above also provide a solver-independent check.

Here bℓ2 = 0.1bℓ1 and the ratings are equal, so the ℓ2 limit is actually implied by the ℓ1 limit and can be certi-
fiably pruned. Keeping both in the table isolates the lifting argument from presolve; the next case implements
the pruned formulation explicitly.

The Multiconductor parallel AC decision case extends this comparison to coupled complex conductor equations,
phase-to-neutral constant power, and voltage-magnitude constraints.

Run the calculation

From the repository root, with Python 3 installed:

python3 experiments/lessons/parallel_members.py

The script uses exact rational arithmetic for this scalar calculation:

first member current: 150 A
second member current: 15 A
aggregate current: 165 A
summed-rating check: pass
recovered member checks: fail
exact voltage-drop magnitude cap: 10 V
exact aggregate current-magnitude cap for this state: 110 A
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No power-flow solver is involved. The calculation checks the branch laws and ratings specified above. It does
not model temperature, protection operation, voltage-dependent impedance, or uncertainty in the ratings.
The later AC case adds network equations and load constraints.

Run the boundary and outage checks with:

python3 experiments/lessons/parallel_members.py --check
python3 experiments/lessons/parallel_members.py --drop 10
python3 experiments/lessons/parallel_members.py --open-member first

Change one assumption

1. Increase the first member's rating to 200 A. Predict the exact aggregate cap, then run --limit-first
200. Which member binds?

2. Open the first member while retaining a 15 V drop. Predict the remaining current and explain why the
old equivalent is invalid.

3. Reverse the voltage drop with --drop -15. Which feasibility conclusions change, and which depend
only on magnitude?

4. Write the exact aggregate rating for arbitrary positive real admittances Y1, Y2 and positive member
ratings. State why the same formula is not automatically a conventional multiconductor rating.

Check your reasoning

With the first rating at 200 A, the voltage-drop cap becomes 20 V and the aggregate cap 220 A; the first
member still binds. With that member open, the remaining conductance is 1 S, the current at 15 V is 15 A, and
the remaining rating is 100 A. Reversing the drop reverses both currents without changing the magnitude-limit
checks.

For the fixed positive-real scalar model,

Imax
eq,exact = (Y1 + Y2)min

{
Imax
1

Y1
,
Imax
2

Y2

}
.

For multiple conductors, member constraints act on vector-valued currents. Their inverse images need not
have the form of one conventional aggregate rating. The extension below states that set explicitly.

Preservation contract

Contract field Value

source two identified parallel branches with individual limits
target one equivalent branch with summed admittance and rating

preconditions common endpoints and voltage coordinates; linear branch laws
preserves unconstrained total terminal current as a function of∆U

does not preserve the member-constrained feasible set
forgets member identity and independent outage, maintenance, or investment state

recovery Iℓkij = Yℓk∆U if member admittances remain available
classification outer/relaxed for this rating construction
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This counterexample does not say that parallel aggregation is never useful. It says that an aggregate rating
needs its own derivation relative to the intended observation or decision set. Choosing a tighter equivalent
limit can reproduce this one scalar voltage-drop bound, but it still does not recreate independent member
states or arbitrary member-wise constraints.

Certified redundancy is different from aggregation

Some member limits can be removed exactly without replacing the physical members. For a fixed scalar AC
π-line, write the endpoint-voltage state as

x =
[
<(Ui) <(Uj) =(Ui) =(Uj)

]T
.

A current limit has a positive-semidefinite quadratic feasible set because |Iℓij |2 = xTQℓijx for a fixed linear
terminal-current map. Normalizing by the squared current rating gives

Eℓij = {x : xTMℓijx ≤ 1}, Mℓij = Qℓij/(I
max
ℓij )2.

If Eℓkij ⊆ Eℓrij , the retained current limit implies the candidate limit at that end.

For an apparent-power rating, |Sℓij |2 = |Ui|2|Iℓij |2 is generally quartic in x. Its actual feasible region is not
the quadratic set above. Molzahn instead compares the normalized apparent-power flows of parallel members
at the same terminal. The common |Ui| factor cancels for nonzero terminal voltage, leaving a comparison
of the normalized squared currents [1]:

|Iℓrij |2

(Smax
ℓrij

)2
≤ |Iℓkij |

2

(Smax
ℓkij

)2
for every endpoint-voltage state.

This sufficient dominance condition implies the candidate apparent-power limit from the retained one. At zero
terminal voltage both apparent powers vanish, so the implication also holds there. Containment of auxiliary
quadratic comparison sets tests the dominance condition; those sets are not the original apparent-power
feasible regions. Molzahn's eigenvalue-based test also treats singular forms, whose sublevel sets are cylinders.
Removing both directional limits requires an implication at each terminal.

This is exact constraint pruning, not asset aggregation: both line laws, parameters, identities, and recovered
flows remain in the model. Failure to identify redundancy is also not proof that a limit is essential; the test
is a sufficient certificate. Its stated scope is fixed scalar AC transmission π-models, including fixed complex
transformer ratios and shunts. It does not by itself cover arbitrary multiconductor constraint sets, switching,
outages, investment states, or other state-dependent parameters. Claim LIT-PAR-001 records that boundary.

Multiconductor form

For multiconductor branches,

Iℓkij = Yℓk∆U,

and the source feasible set is the intersection of the inverse images of every member constraint set:
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Dsrc =
⋂
k

{∆U : Yℓk∆U ∈ Cℓk} .

The summed terminal map Yeq =
∑

k Yℓk does not, by itself, encode that intersection. Mutual coupling and
per-conductor limits make a single conventional rating still less likely to be an exact representation.

The generation script emits the numerical witness and its machine-readable contract as claim TR-PAR-001.
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Chapter 3

From source data to a canonical model

Page status: worked exact resistive assembly lesson, followed by source-conversion guidance.

By the end of this lesson, you will be able to assemble a small nodal matrix from named equipment, impose a
voltage boundary, solve for the remaining voltages, and check the result against the original equipment. Only
Ohm's law, KCL, and a two-equation linear solve are needed. All values below are exact for a fixed resistive
model; this first construction has no phasor, transformer, load-control, or thermal dynamics.

Start with equipment and terminals

An ideal source fixes node s at 12 V relative to a reference terminal 0. Two series resistors connect it to a
resistive load. The equipment table is the input; the array positions will be chosen afterward.

Equipment Ordered terminals Constitutive data

e1 s, m conductance 2 S
e2 m, t conductance 1 S
d t, 0 load conductance 1/2 S

source s, 0 fixed voltage 12 V

Before calculating, predict which of m and t has the higher voltage and whether the two series currents differ.
Current into the load must return through the reference connection; the source supplies it. The symbol 0
identifies that connection and its chosen voltage datum in this circuit. A voltage datum alone would not create
a physical grounding path.

Use node order (s,m, t) and voltage vector U = (Us, Um, Ut)
T. Store branch orientation from the first

terminal to the second. With the book's incidence convention (tail −1, head +1),

A =

[
−1 1 0
0 −1 1

]
, I = − diag(2, 1)AU.

The minus sign matters: AU gives head-minus-tail voltage, whereas the stored current follows tail-to-head
voltage drop. Branch currents leaving nodes are −ATI.

Stamp one component at a time

A conductance g between nodes i and j contributes +g to Yii and Yjj , and −g to Yij and Yji. The load to
the fixed reference adds 1/2 to Ytt. Thus

12
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Figure 3.1: Branch e1 contributes four entries to Y; changing array order to (t,s,m) permutes those entries
without changing the node identities.

Y = AT diag(2, 1)A + diag(0, 0, 1/2) =

 2 −2 0
−2 3 −1
0 −1 3/2

 S.

The outlined entries receive the e1 stamp; their displayed values include all contributions. In particular, the m
diagonal includes both branches. The lower panels use the same permutation for equation rows and voltage
coordinates, so Y′ = PYPT and U′ = PU. The source boundary remains at node s.

This matrix relates passive-device currents leaving the nodes to their voltages. The ideal source is a voltage
boundary with an unknown supplied current, not a finite admittance stamped into this matrix.

At m and t there is no separate injected current. Substituting Us = 12 gives the retained system

[
3 −1
−1 3/2

] [
Um

Ut

]
=

[
24
0

]
, Um = 72/7 V, Ut = 48/7 V.

The source current follows from its row afterward. Deleting the source row without moving its voltage contri-
bution to the right-hand side would solve a different problem.
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Recover and check the equipment

Use the original terminal records, not the assembled matrix, to calculate

Ie1 = 2(Us − Um) = 24/7 A, Ie2 = Um − Ut = 24/7 A, Id = Ut/2 = 24/7 A.

Check KCL separately at m and t. Check power using source delivery 12Ie1 and resistor absorption I2e1/2 +
I2e2 + U2

t /2; both equal 288/7 W. These are complementary checks. An aggregate power check alone does
not test each node's balance, and small residuals for a wrongly assembled matrix do not validate its terminal
maps.

python3 experiments/lessons/assemble_network.py
python3 experiments/lessons/assemble_network.py --check
python3 experiments/lessons/assemble_network.py --misattach-load

The first command prints the matrix, rational voltages and currents, passing source-equipment KCL, and zero
power mismatch. The last command deliberately stamps the load at m instead of t. It solves its own equations,
giving Um = Ut = 48/5 V, but fails KCL evaluated against the original equipment. The code also checks a
node permutation, reversed branch orientations, an altered voltage, and a changed load. It never writes an
artifact.

This verification separates stamping from equipment evaluation but shares the input conductances and laws.
It can catch a mapping or solve error; it does not prove those conductances describe real equipment.

Change the construction

1. Change the load conductance to 1/4 S. Derive both voltages and currents before calling solve(load=Fraction(1,
4)) in the lesson module.

2. Store nodes in order (t,s,m). Explain how the matrix and the voltage array change while voltages
attached to named nodes remain the same.

3. Remove the load. Explain the null vector of the full passive matrix and why fixing the source voltage
still determines the other two voltages.

4. Replace the resistive data by fixed complex admittances. Which assembly identities survive, and which
power expression requires conjugation?

Answer guidance. For the changed load,Ut = 96/11 V,Um = 120/11 V, and both series currents are 24/11
A. A node permutation acts on rows, columns, and the voltage vector consistently; it cannot change a named-
node voltage. Without the load, all voltages equal 12 V after imposing the source boundary; the full matrix has
common-offset gauge freedom. For complex admittances and real incidence maps the stamp still usesATY A.
Terminal complex power is UI∗. A complex voltage-coordinate map instead needs its conjugate-transpose
power-dual current map; see Circuit coordinate transformations.

A satisfactory solution shows the stamp, boundary substitution, recovered currents, and source checks. A table
of final voltages alone is insufficient.

From this example to source conversion

A utility export, OpenDSS deck, CIM profile, or solver dictionary can hide choices that the small table made
explicit: units, terminal order, defaults, connection types, and state. The remainder of this chapter describes
how to record those choices. Here canonical means the declared internal source model for this workflow; it
does not claim a unique mathematical representation of every power system.

https://frederikgeth.github.io/multi-graph-book/dev/transformations/circuit-coordinate-transformations/#circuit-coordinate-transformations
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The projection contract

Let D be a source document and C a canonical network model. An adapter is a partial map

P : D −→ (C,F,Π),

where F is a finding ledger and Π is a provenance manifest. The map is partial because an input may be
malformed, incomplete, or outside the supported factor library. A successful parse means only that P returned
a candidate model; it does not mean that every study question supported byD is preserved in C.

The canonical model should make at least these objects explicit:

Source concern Canonical object Why it matters for graphs

stable equipment
identity

asset/property record keeps parallel and replacement assets
distinct

endpoint and
conductor names

ordered terminal maps prevents phase/neutral permutations from
hiding in matrices

connectivity and
switching

state-resolved incidence separates inventory topology from active
topology

constitutive relation line, shunt, transformer, load, or
factor relation

prevents an edge from standing in for
unknown physics

ratings and owners typed constraint observations keeps limits attached to the object they
constrain

defaults and inferred
meanings

finding with
confidence/provenance

makes assumptions auditable

The book's preferred identifiers retain the BMOPFTools-style ownership rule: ℓ identifies an element, while ℓij
identifies an oriented terminal attachment. A converter may reorder arrays or create virtual objects, but it
must publish the map that explains the change.

Validation gates before graph construction

The following gates are deliberately ordered. A later graph cannot repair a failure that should have been caught
at an earlier semantic layer.

Gate Question Typical failure

schema are fields and shapes structurally recognised? malformed matrix or unknown component
block

com-
plete-
ness

are required fields present for this factor
subtype?

transformer winding lacks a terminal map

domain are values physically and numerically
plausible?

negative rating, impossible tap, invalid angle
unit

in-
tegrity

do references and dimensions agree? line points to a missing bus or mismatched
conductor count

confor-
mance

does the object satisfy the declared model and
implementation rules?

a winding connection missing a return path
required by its declared subtype

readi-
ness

are the chosen study's inputs, unknowns,
equations, and constraints specified?

a queried member limit has no identified
current or recovery map
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Figure 3.2: The ordered source-to-canonical validation pipeline.

An implementation can reject a valid circuit outside its supported model class. Multiple compatible voltage
sources are not inherently invalid; their equations and the implementation's supported source configuration
matter. Missing explicit voltage bounds or an objective involving only slack injection does not alone make a
mathematical problem ill posed. Equations may determine voltages, and slack injection may be a meaningful
objective. Conversely, bounds do not establish feasibility, uniqueness, or stability. Readiness checks identify
specified obligations; mathematical well-posedness needs a study-specific argument.

These checks should return stable finding codes and machine-readable details, not only prose warnings. A
graph quotient may be mathematically valid while the input is semantically unfit for the intended decision
problem.

The ordering is semantic, not cosmetic: a later graph view cannot repair a missing terminal map, an invalid
domain value, or an ownerless limit that should have been rejected earlier.

Inference is not identity

Practical formats often encode meaning positionally or through defaults. An adapter may infer that terminal 4
is a neutral, that two named objects are parallel members, or that a regulator is a transformer with a control
loop. Such inferences can be useful, but recording them with provenance does not turn them into declared
source facts or establish their truth. Retain the inference rule, its assumptions, and its evidence. A declared
source value can also be wrong: origin and correctness are separate attributes. The canonical record should
distinguish:

1. declared values copied from the source;

2. derived values computed from declared data;

3. inferred values introduced by an adapter rule; and
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4. unsupported values that could not be represented.

This distinction is essential when a later transformation claims preservation. An inferred terminal permutation
may be harmless for a scalar connectivity query but fatal for a conductor-current limit.

What a safe adapter publishes

For every source-to-canonical map, record:

1. source format, profile, and version;

2. stable asset and terminal identifiers;

3. units, bases, phase, neutral, earth, and grounding conventions;

4. state, scenario, and control treatment;

5. factor, rating, and objective mappings;

6. generated objects and their source parents;

7. unsupported or lossy fields;

8. validation findings and their severity; and

9. round-trip or recovery checks for the declared observations.

The practical import exercise tests these obligations on a rating sentinel. A number-preserving round trip can
still change its constraint meaning; an unknown value must remain unknown.

Impedance data need one additional discipline: the canonical record should retain the full derivation context
even when an adapter exports only a solver- friendly matrix. Geometry or linecode provenance, frequency,
earth model, ordered conductors, series/shunt blocks, and matrix diagnostics belong to the source record;
Kron, phase-to-neutral, sequence, and positive-sequence matrices are derived views with their own guards.
The four-wire impedance-model ladder is the first executable example of this source-to-view contract.

Consequences for the graph views

An adapter that collapses two assets, loses a neutral, or silently grounds a terminal changes the source from
which every subsequent view is built. Retain the equipment and terminal identities needed to check the derived
equations; the many-graphs lesson develops the graph views.

Running-network application

The running fixture is intentionally small enough to audit. Its canonical record declares four lines, a three-
winding transformer, a switch, ordered conductor sets, explicit neutral semantics, ratings, and state ownership.
The generated adapter crosswalk checks those obligations against the pinned CIM/CGMES, PowerModelsDistri-
bution, OpenDSS, and MATPOWER descriptions. That crosswalk is not an import claim: it is a checklist of what
an actual adapter would have to preserve or mark unsupported.

The field-level example and this larger checklist serve different purposes: the former executes a small semantic
check; the latter identifies obligations still required for a complete running-network adapter.

https://frederikgeth.github.io/multi-graph-book/dev/cases/four-wire-impedance-model-ladder/#four-wire-impedance-model-ladder


Chapter 4

Orientation and terminal power

Page status: foundational definitions and terminology.

Why an arrow is ambiguous

Power-system diagrams, data formats, and optimization models use arrows for several different purposes. A
line drawn from i to j can mean an arbitrary stored orientation, a terminal-current sign convention, a positive
reference direction for active power, an observed operating-point transfer, or a genuinely one-way admissible
action. These meanings must not be inferred from one another.

Direction concept Mathematical data Dependence

physical incidence unordered endpoints ∂ℓ = {i, j} equipment model
reference orientation one selected arc o(ℓ) = ℓij arbitrary coordinate choice
terminal-current sign current defined into or out of each terminal modelling convention
operating-point transfer sign of Pℓij at a solution voltage, state, and controls
causal or permitted direction asymmetric control or feasible relation physical or study semantics

A conventional passive AC line is therefore an undirected physical connection with an orientation, not intrinsi-
cally a directed physical edge.

Power-system shorthand

An arrow on a passive branch normally fixes storage order, terminal names, or a positive reference. It
does not predict the sign of current or active power at a solution.

The terminal-arc double cover

For every two-terminal element ℓ with ∂ℓ = {i, j}, introduce the two terminal arcs

−→
L = {ℓij, ℓji : ℓ ∈ L}.

The reversal map

ρ :
−→
L →

−→
L , ρ(ℓij) = ℓji,

18
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is an involution with no fixed points. A reference orientation chooses one arc from each pair; the bidirected
terminal-arc view retains both. The line remains one member of L.

With the book's incidence convention, the selected arc ℓij gives −1 at i and +1 at j. Choosing ℓji instead
negates the column. Incidence rank, the undirected cycle space, and physical solutions are invariant under
that coordinate change, while signed cycle coordinates change accordingly.

A stored orientation is not an operating direction

The stored triple ℓij determines which endpoint is written first. It does not imply any of the statements

Pℓij ≥ 0, |Pℓij | ≥ |Pℓji|, or ℓ can transfer only from i to j.

Those are operating or device claims requiring separate equations. Active power can reverse between oper-
ating points, and in an unbalanced multiconductor model its sign can differ by conductor.

Reversing the stored orientation swaps end-specific records:

(Nℓi,Nℓj ,Ysh
ℓij ,Ysh

ℓji, Iℓij , Iℓji)←→ (Nℓj ,Nℓi,Ysh
ℓji,Ysh

ℓij , Iℓji, Iℓij).

It does not blindly negate both terminal currents. Antisymmetry belongs to a particular internal series-current
coordinate, not to every terminal quantity.

Rooted-tree orientation is a derived view

When an active network is radial, practitioners often orient every branch from the feeder source toward the
leaves and call the resulting arcs upstream and downstream. This is useful, but it is not the stored orientation
ℓij and it is not an intrinsic direction of a passive line.

For an active identified graph Gσ
M and a selected source root r in each component, a rooted-tree view adds a

parent map

parσ,r : V \ {r} −→ V

defined by the unique root-to-node path. The resulting parent-to-child arcs, depths, ancestors and descendants
are a state- and root-dependent algorithmic view. They are appropriate for feeder recursions, backward/
forward sweeps and radial branch-flow notation, but they are not new asset attributes.

Graph-theory trap

A parent-to-child arc is not an operating power-flow direction. Closing a tie can create a chord, reverse
power can change the sign of Pℓij , and a different source or spanning tree can change the parent map
without changing any line asset.

If Gσ
M is meshed, choose a spanning forest only if an algorithm needs one. Tree edges then receive parent-

child roles, while chords retain their cycle equations and must not be called upstream or downstream without
a separate convention. A spanning-tree orientation is therefore a coordinate or algorithmic choice, not a claim
that the physical network is radial.

The figure makes the sign discipline explicit: reversing ℓij changes the coordinate convention, while changing
the operating point can reverse Pℓij without changing the stored asset orientation.



CHAPTER 4. ORIENTATION AND TERMINAL POWER 20

Figure 4.1: Stored orientation and operating-point power transfer are separate records.

Series current and terminal power

For a reciprocal scalar series element, use current into the element at each terminal:

Is
ℓij = Yℓ(Ui − Uj), Is

ℓji = −Is
ℓij .

The corresponding terminal complex-power injections are

Sℓij = Ui(I
s
ℓij)
∗, Sℓji = Uj(I

s
ℓji)
∗.

Although series current is antisymmetric, terminal power is not conserved:

Sℓij + Sℓji = (Ui − Uj)(I
s
ℓij)
∗ = Zℓ|Is

ℓij |2.

For Zℓ = Rℓ + jXℓ with Rℓ ≥ 0, the active-power absorption is

Pℓij + Pℓji = Rℓ|Is
ℓij |2 ≥ 0.

A lossy branch therefore owns two terminal powers and a loss relation, not one conserved scalar flow. Calling
Sℓij the power flow from i is a useful shorthand only after its terminal sign convention is fixed.

The familiar single-flow picture is recovered in a declared lossless approximation, where Pℓij = −Pℓji. It
should be presented as a special collapse rather than the semantics of a general edge.
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Circuit-theory trap

Opposite series currents do not imply opposite terminal powers. Voltage differs across the impedance,
so the two terminal powers sum to the element's complex absorption. A nominal-π factor can addi-
tionally have terminal currents that are not negatives because it contains shunts.

Nominal-pi elements

For a scalar nominal-π element, define

Iℓij = Is
ℓij + Y sh

ℓijUi,

Iℓji = −Is
ℓij + Y sh

ℓjiUj .

Then

Iℓij + Iℓji = Y sh
ℓijUi + Y sh

ℓjiUj ,

which is generally nonzero. Current has not been destroyed. It has been diverted through shunt paths retained
inside the composite line factor. A conductive shunt absorbs active power, while inductive or capacitive shunts
exchange reactive power.

The terminal-power balance is

Sℓij + Sℓji = Zℓ|Is
ℓij |2

+ |Ui|2(Y sh
ℓij)
∗ + |Uj |2(Y sh

ℓji)
∗.

For a multiconductor member the same distinction is expressed by the complete two-end primitive

[
Iℓij
Iℓji

]
=

[
Yℓ + Ysh

ℓij −Yℓ

−Yℓ Yℓ + Ysh
ℓji

] [
Ui[Nℓi]
Uj [Nℓj ]

]
.

Full coupling makes a story about independent power commodities travelling on individual conductor edges
still less reliable. The invariant object is the declared multiport relation and its terminal power balance.

Internal versus explicit shunts

The same fixed nominal-π behaviour can be factorized in two ways:

1. one composite two-port line factor containing series and shunt terms;

2. one series factor plus two explicit shunt factors attached to the endpoint junctions.

In the second factorization the series currents are negatives, and the shunt factors separately account for
current to ground or neutral. In the first, the composite line's terminal currents are not negatives. Moving
between the two is an exact compilation only when terminal coordinates, grounding scope, parameters, limits,
ownership, and provenance are mapped explicitly.

This is why statements such as current is conserved on every edge are representation dependent. KCL is
conserved at the complete network level; which internal path is called an edge depends on the factorization.
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When a directed graph is physical

A directed edge is appropriate when order is intrinsic to the represented relation, for example:

• a one-way communication or control dependency;

• a protection logic dependency;

• a device with a genuinely asymmetric admissible transfer set;

• a study graph of causal or optimization dependencies.

Even then, a multiport factor may be more faithful than a directed ordinary edge. A controllable converter can
have oriented information flow, terminal power variables at several ports, losses, and bidirectional feasible
operating regions at the same time.

Direction contract used here

An arrow in this book is interpreted through the five direction concepts above. Unqualified phrases such as
directed line, power on the edge, and reverse current are therefore replaced by the physical incidence, stored
orientation, terminal quantity, or operating-point statement actually meant.



Chapter 5

Circuit formulations and assembly

Page status: formulation guide and equivalence contract; the definitions and guards below are book conven-
tions supported by circuit and power-system precedents. General equivalence theorems beyond the declared
linear scopes remain future work.

The same power network can be compiled into several equation systems. A nodal admittance matrix is one
particularly useful target, but it is not a universal representation of general power networks. A numerical Y
may be available while asset identity, switch states, branch currents, grounding, multi-terminal behaviour,
controls, limits, or decisions have already been discarded. Conversely, a faithful source model may require a
tableau, modified nodal system, branch-current variables, or an unevaluated port–factor relation.

Start with the worked assembly in From source data to a canonical networkmodel. This chapter then asks which
equation systems can express the devices and observations a study needs, and when elimination preserves
them. Further graph constructions are in From source graphs to views and graph surgery.

Formulation families

LetM be a declared power-network model with voltage, current, power, control, state, and parameter vari-
ables. A formulation is a choice of unknowns x, equations F (x;u, θ) = 0, inequalities g(x;u, θ) ≤ 0, and
an observation map h. The formulation is therefore more than a matrix: the variable ownership, limits, state
domain, and recovery map are part of its contract.

The circuit literature distinguishes nodal analysis from modified and tableau extensions precisely because
some elements do not admit a convenient admittance-only branch relation [2, 3]. Power-system work makes
the same boundary operational: sparse tableau formulations retain multi-port element variables and node–
breaker actions that would otherwise require changing Ybus between states [4].

These formulations may be mathematically equivalent after elimination on a restricted domain. They are not
interchangeable source models: eliminating a current variable can remove the direct place to attach a thermal
limit, a switch state, or a protection relation.

Numerical footprint of the formulation choice

The choice of equation target also changes the symbolic problem seen by a solver. Schur elimination can
add fill edges, while a Jacobian dependency graph records equation–variable relations rather than physical
incidence. These are formulation-level effects, so they belong here beside the lowering boundary rather than
only in the later executed numerical witnesses.

The figures are conceptual structural views. The pinned numerical export and nonlinear KKT witnesses remain
in Numerical consequences of representation and reduction, where their fixture-specific counts, residuals, and
solver limitations are recorded.

23

https://frederikgeth.github.io/multi-graph-book/dev/foundations/compiled-views-and-graph-surgery/#compiled-views-and-graph-surgery
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Figure 5.1: Schur elimination creates structural fill-in.

Figure 5.2: Jacobian dependency is a separate graph from physical incidence.
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Formula-
tion

Primary unknowns Strong use Typical loss or guard

nodal ad-
mittance

retained node
voltages

fixed linear network stamping
and PF linear subproblems

requires admittance-form branch
relations; hides branch variables

and asset identity
modified
nodal

analysis

node voltages plus
selected branch

currents

ideal voltage sources,
current-controlled elements,
switches, and mixed devices

larger saddle-point system;
source provenance still has to be

attached
sparse
tableau

node, branch, port,
and device variables

OPF limits, node–breaker
models, multiport factors,

and fixed sparsity

more variables and equations;
elimination is a separate

transformation
branch-

current or
branch-

flow

voltages, currents,
and often powers on
identified members

explicit ratings, radial
identities, and device-level

constraints

equations depend on chosen
branch model and orientation

conventions

hy-
brid/port
parame-

ters

selected boundary
efforts and flows

multiport composition and
boundary equivalents

a representation is local to
declared ports and may be

singular at some frequencies or
states

general
port–factor
relation

ordered typed ports
and behavioural

relations

nonlinear, controlled,
dynamic, and multi-terminal

equipment

not itself a single sparse matrix or
ordinary graph

When an exact nodal admittance target exists

For a declared set Φlin of fixed linear factors, choose a retained voltage vector U. If each factor has an
admittance-form terminal relation

iϕ = YϕAϕU

and its current injection maps back through AT
ϕ, then assembly gives

YN =
∑

ϕ∈Φlin

AT
ϕYϕAϕ, iinj = YNU.

Coupled branches and the equivalent lattice

Mutually coupled two-terminal sections are an instructive exact lowering. The source relation is not a sum
of independent branch factors: the complete coupling group first supplies a joint impedance ZΓ. When it is
invertible, YΓ = Z−1Γ and one incidence map for all participating section drops gives

YN
Γ = AT

ΓYΓAΓ.

For two scalar sections on four distinct terminals, this stamp admits an exact six-edge lattice realization. Four
of those edges cross between the two source endpoint pairs and two can carry the negative of the mutual
admittance under the stored orientation. The lattice is therefore an ordinary weighted graph, but not a physical
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bus–branch inventory: its cross-voltage edges are generated couplings and its source line currents require the
recovery map iΓ = YΓAΓU.
The coupled multi-voltage corridor case derives the full sign pattern, per-unit scaling, partial-overlap sections,
and state guards. If the joint primitive is singular or the target edge library cannot carry the generated weights,
the compiler must retain a direct factor or tableau rather than forcing this lattice.

Here Φlin is a formulation subset, not the entire source inventory. It contains factors whose parameters and
states are fixed for the declared solve. A factor carrying an unfixed tap, switching state, control law, or other
decision remains in the equation/constraint operator unless the target is explicitly rebuilt pointwise over that
decision domain.

This is an assembly identity, not a claim that YN is a canonical factorization or a complete power-network
model. A useful sufficient guard for exact nodal stamping is:

The important degenerate case is covered in Multigraphs for expert modelers: identifying the two terminals
of a fixed linear π factor can leave an exact one-terminal shunt stamp, but only after the factor has been
assembled through its terminal map. Deleting a graph self-loop before that compilation is not an equivalent
operation in general.

1. the retained variables are node-voltage coordinates sufficient for the declared observation and decision
queries;

2. every included factor has a well-defined linear relation in those voltage coordinates, or has already been
exactly eliminated with a declared Schur complement and recovery map;

3. voltage-source, current-controlled, dynamic, and algebraic-constraint variables that cannot be elimi-
nated are retained elsewhere in the target;

4. the topology and device state used for assembly are fixed, or the target is rebuilt for each declared state;

5. grounding, reference, terminal maps, and coordinate order are declared; and

6. every limit, control, and decision that the study queries has a surviving variable or an explicit recov-
ery/constraint map.

Source factors versus study-specific nodal splits

The source model and the matrix used by an iterative solver are related but are not the same object. Let µ
denote a study mode, σ an active equipment state, and k an operating point or iteration. A current-injection
solver may use the split

Y(µ,σ,k)
lin Vk+1 = I(µ,σ)src + I(µ,σ)comp(Vk).

The linear operator may contain passive delivery elements, fixed shunts, constant-admittance load or gen-
erator parts, or a declared Norton equivalent. The compensation term carries the remaining nonlinear or
operating-point dependent current. A constant-impedance load can therefore appear in the diagonal of Ylin
while a constant-power load at the same bus appears through Icomp. A generator may be a PV/PQ constraint,
a Norton source, a dynamic equivalent, or a current-limited injection depending on the study.

This is not automatically a Newton–Raphson step. Newton's method forms a residual Jacobian for an increment
∆x,

J(xk)∆x = −F(xk),

https://frederikgeth.github.io/multi-graph-book/dev/cases/coupled-multivoltage-corridor/#coupled-multivoltage-corridor
https://frederikgeth.github.io/multi-graph-book/dev/foundations/multigraphs-for-modelers/#multigraphs-for-modelers
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whereas a fixed-point current-injection method can keepYlin fixed and update only the compensation current.
Setting the compensation current to zero for a direct or initial solve is a linear starting model, not proof that
the nonlinear source model is itself constant impedance.

OpenDSS documents this separation operationally: power-conversion elements use a constant primitive-
admittance part plus compensation currents, and its direct or admittance solution can include load and
generator equivalents in the system matrix [5, 6]. Its fault-study equations construct a mode-specific nodal
model with source and generator equivalents and the portion of load current not already included in the matrix
[7]. These are legitimate formulation targets, not competing definitions of the physical network graph.

The practical rule is to qualify every nodal matrix with its source class, study mode, active state, coordinate
order, and linearization or reduction point. Prefer names such as Ypassive, Ydirect, Yfault, or Y(k)

lin to an
unqualified claim that the system has one uniquely meaningful Ybus.

Rank and sign contract

Let YN(σ, γ) denote the assembled operator after the declared active state σ and grounding/reference map
γ have been applied, and let nV be the retained voltage dimension. A direct solve for all retained voltages
from arbitrary retained current injections requires an invertible square operator:

rank
(
YN(σ, γ)

)
= nV .

A reference label, a nominal ground, or a removed datum does not establish this rank by itself. An isolated
component, a disconnected grounding element, a singular shunt, or a state-dependent topology can leave
a nontrivial nullspace. The rank must be checked on the assembled compound operator for the declared
state and coordinates. This is the scoped diagnostic supported by [8], not a universal assertion that every
grounded power-system model is nonsingular. The executable witness records both a disconnected network
with a declared reference and a regular grounded case.

This condition concerns that direct solve, not the existence of an exact nodal relation. A floating resistor with
conductance g > 0 has

Y = g

[
1 −1
−1 1

]
, Y

[
1
1

]
= 0.

The singular matrix expresses the current relation exactly. Compatible injections determine a voltage differ-
ence; a voltage datum selects a unique representative of the common-offset family. After boundary conditions
are imposed, check the operator for the remaining unknowns. A zero eigenvalue of an exported passive ma-
trix is not automatically an error in the full model. The running-network numerical export illustrates why this
distinction matters.

Keep four questions separate: can the relation be assembled, does it have gauge freedom, is the boundary-
conditioned linear solve unique, and is the complete nonlinear PF/OPF problem solvable? The last question
involves more than the passive matrix. Failure of an elimination or representation guard may require retained
current variables or constraints; singularity alone does not imply lost physical information.

A nodal matrix is not a complete power-network graph

The support of YN records nonzero coupling among the retained voltage coordinates. It does not, by itself,
record:

• which parallel assets contributed to one block;
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• whether a coupling came from a line, transformer, grounding factor, or eliminated internal node;

• which switch or breaker state produced the assembled topology;

• branch currents and member-specific ratings;

• multi-terminal factor identity or internal winding variables; or

• the feasible-set and objective semantics of an OPF decision problem.

This is why Two topology levels and the nodal projection treats nodal support as a derived computational view.
A support graph can be useful and exact for one query while being insufficient as the source of another.

Modified nodal and sparse tableau targets

Modified nodal analysis augments node voltages with currents through elements whose constitutive relation
is not naturally an admittance injection. A common linear schematic form is

[
Y B
C D

] [
U
Ie

]
=

[
J
e

]
.

The blocks encode KCL, selected element currents, voltage-source or control relations, and any declared alge-
braic coupling. The matrix can be sparse even when eliminating Ie would create dense fill-in.

The sign convention is part of the formulation contract. With B the signed incidence of selected element
currents into the KCL rows, use

YU + BIe = J, CU + DIe = e.

Thus a positive component of Ie follows the stored element/terminal orientation encoded byB; J is the positive
KCL injection on the right-hand side, and e is the right-hand side of the selected voltage or device relation.
Reversing an element orientation changes the corresponding incidence signs and current coordinate, not the
physical factor. The witness uses this convention for its ideal voltage source.

A sparse tableau keeps this idea at the factor boundary. Let z collect node, terminal, branch-current, power,
and device variables. A tableau target records

FKCL(z) = 0, FKVL(z) = 0, Fdevice(z; θ) = 0, g(z; θ) ≤ 0.

This is especially useful when the study needs branch currents, multi-port device variables, switch constraints,
or member-level limits. The sparse tableau node–breaker precedent keeps breaker actions in component con-
straints instead of silently replacing each action with a new fixed Ybus [4].

The tableau is not automatically “more physical” or “more canonical.” It is a better target only for the declared
questions. If the study asks only for a fixed linear boundary voltage relation, eliminating tableau variables may
be appropriate; if it asks for switching, protection, or member ratings, the uneliminated variables are part of
the preservation contract.
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Branch-current, branch-flow, and chain formulations

A branch-current formulation retains an oriented current for each identified member and writes KCL together
with the member constitutive equations. A branch-flow or BFM formulation instead promotes selected complex
powers, voltage magnitudes, and current/power products to variables; its balance equations and relaxations
depend on the declared branch model and on whether parallel member identities are retained. An aggregate
branch-flow equation is therefore not automatically equivalent to a member-current formulation.

For a two-port partition, a chain or ABCD representation may write a transfer relation such as

[
ui

iij

]
=

[
A B
C D

] [
uj

iji

]
.

This can be useful for cascading declared two-port sections, but it is a coordinate choice with its own invertibility
and termination guards. It is not a universal substitute for a multi-conductor or multi-terminal factor. Hybrid
effort/flow variables and scattering variables can avoid a singular chosen partition in some applications; they
change the target coordinates and must carry their own recovery and observation contracts.

Structural solvability of ideal-source blocks

Ideal voltage-source loops and ideal current-source cutsets deserve a small diagnostic before numerical solu-
tion. After declaring the branch ordering and sign convention, write the affected KVL or KCL rows as an affine
block Aq = b. The scoped check used here compares rank(A) with rank([A b]):

rank result interpretation

rank([A b]) > rank(A) contradictory source constraints; no solution for that state
equal ranks, but rank(A) < number

of rows
consistent redundant constraints; retain them or remove them

with provenance
equal full row rank consistent independent constraints

The distinction matters for MNA/tableau assembly. A redundant ideal-source row is not automatically an
error, while a contradictory loop or cutset makes the declared state infeasible. The generated witness
experiments/generated/circuit− formulation−witness.json records both cases for a voltage-source
loop and a current-source cutset. This is a rank- consistency diagnostic only; it is not a general statement
about DAE index, dynamic regularity, or every possible dependent-source formulation.

Lowering from a source model

The formulation-aware compilation boundary is:

M C−→Mport
A−→ E = (F, g, obs, prov),

where E is a declared equation/constraint operator. Optional targets are then guarded lowerings:

E LMNA−−−−→ EMNA, E LY−−→ (YN, recover) when the nodal guards hold.

Direct factor stamping into E is the default. LY is not an automatic final pass after every factor compiler. It
may fail because a factor needs extra unknowns, because an elimination block is singular, because a state-
dependent switch changes the target structure, or because the resulting matrix would omit a queried con-
straint. The compiler must return a diagnostic and retain the source-to-target map rather than inventing a
virtual admittance.
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Figure 5.3: Formulation choices: the equation/constraint operator retains the declared model, while
MNA/tableau and nodal admittance have different applicability conditions.

Every lowering record should state:

1. the source ports, factors, states, and coordinate order;

2. the target variables and equations;

3. the eliminated variables and the condition for elimination;

4. the preserved observations, constraints, and decisions;

5. the omitted semantics and unresolved guards; and

6. the recovery and provenance maps.

The diagram is intentionally asymmetric. The source model first lowers to an equation/constraint operator
that still has somewhere to attach observations, limits, and decisions. MNA or a sparse tableau can retain
those variables directly. A nodal Y target is a separate diagonal branch: it is available only when the de-
clared formulation guards and query contract permit the extra variables and constraints to be eliminated. The
crossed shortcut is the common but unsafe mental model in which every linear factor is silently turned into an
admittance edge.

This is the formulation-specific instance of the general compiled-view contract. It also explains why a compiler
pipeline can legitimately stop at a tableau or factor operator even when a smaller numerical matrix could be
constructed for a narrower query.
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Formulation equivalence is query-relative

Let E1 and E2 be two equation/constraint operators with solution sets S1 and S2. A lowering map T : S1 → S2
and a recoverymapR are not sufficient to call the formulations equivalent without saying what is observed. For
an observation familyH (voltages, member currents, powers, states, or decisions), we call the pair equivalent
for H when the declared domains are mapped consistently and

H1(x) = H2(Tx), or, after recovery, H1(x) = H2(RTx).

For a decision problem, this contract must also map feasible sets, objective values, and state domains. An
algebraically eliminable variable may therefore be harmless for a boundary-voltage query and load-bearing
for a member-current limit or switching decision. Approximate maps use the same vocabulary, but must state
the error measure, domain, and which observations are only bounded or one-sided preserved.

The executable witness makes the distinction concrete. MNA and a plain nodal description agree forHvoltage
in the ideal-source example, while they are not equivalent for Hvoltage+source−current because the source
current is an additional retained unknown. Likewise, summing aligned parallel admittances preserves the
terminal voltage relation but not the member-current-limit observation. The rank and sign guards above are
part of the domain of these equivalence statements; they are not optional annotations. The rank claim is
registered as FORMULATION −NODAL− 003.

Scope collapses and literature alternatives

Several familiar power-flow models are valid collapses when their guards are declared:

Starting target Collapse What must be checked

fixed linear port
factors

YN admittance-form relations, regular elimination, fixed
grounding and state

MNA/tableau nodal admittance all retained extra variables are eliminable and unqueried
multiconductor

model
scalar or

positive-sequence Y
phase symmetry, balance, grounding, limits, and

observations
node–breaker

tableau
bus–branch Ybus state fixed and switch/protection decisions outside the

query
port–factor source ordinary-edge graph declared n-port realizability and retained provenance

The alternatives are therefore not a contest for one universally best graph. They are formulation choices
indexed by the study's observations, constraints, and decisions. The representation taxonomy classifies their
retained meanings; the transformation semantics register records the guards for moving among them.

Power-system shorthand

“The network has a Y-bus” usually means that one study formulation has assembled a nodal operator
for one declared state and variable set. It does not mean that the full power-network source model is
a simple graph, a two-terminal multigraph, or a lossless collection of admittance edges.

Evidence boundary

The circuit and power-system precedents establish that nodal, modified-nodal, and sparse-tableau formula-
tions are established alternatives. The book's stronger claim—that a formulation-aware lowering contract can
preserve the declared power-network decisions and provenance—is a proposed architecture. The generated
artifact experiments/generated/circuit-formulation-witness.json supplies three minimal failure cases:

https://frederikgeth.github.io/multi-graph-book/dev/foundations/representation-taxonomy/#representation-taxonomy
https://frederikgeth.github.io/multi-graph-book/dev/foundations/transformation-semantics-register/#transformation-semantics-register
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1. an ideal voltage source whose source current requires an MNA variable;

2. a floating two-node network whose nodal operator is singular without a reference or shunt; and

3. aligned parallel members whose aggregate admittance is exact for the terminal relation but cannot carry
their distinct current limits.

The first case solves two right-hand sides in MNA form, showing identical source voltage but different source
currents. The other cases separate numerical singularity from semantic loss. These are scoped formulation
witnesses, not a universal impossibility result for every circuit or power-network model.



Part 3: Conductors, connections, and ground
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Chapter 6

Load models and connections

Page status: constitutive-model reference chapter with scoped numerical load-model, connection-map, and
continuation witnesses plus independent reproduction; broader nonlinear and network-level certificates remain
future work.

Two networks can have identical buses, edges, terminals, and ratings while defining different decision problems
because their loads obey different voltage laws. A graph representation does not identify a load model. The
constitutive relation belongs to the factor or asset layer and must be carried through any preservation claim.

Vocabulary bridge

Electrical state below means the continuous voltages and currents at an operating point. Equipment
status, operating scenario, state-estimator metadata, load-model parameters, and a learned hidden
state are separate objects even when software stores them in one state container.

Five common voltage laws

Let v = |∆U | be the magnitude seen by one load connection and let vnom be its declared anchor. For active
power, the standard families can be written as

PCP(v) = P nom,

PCI(v) = P nom v

vnom ,

PCZ(v) = P nom
( v

vnom

)2
,

PZIP(v) = P nom
(
αZ

( v

vnom

)2
+ αI

v

vnom + αP

)
,

Pexp(v) = P nom
( v

vnom

)γP

.

Reactive power may use its own coefficients or exponent. Constant power does not need vnom; the other laws
do. ZIP is a convex combination only when the declared coefficients are nonnegative and sum to one. Integer
exponents 0, 1, 2make the exponential family coincide with a ZIP special case, but arbitrary exponents do not.

At v = vnom the families agree by construction. Away from that point they do not. The same topological graph
can therefore produce different currents, losses, voltage margins, active constraints, and optimal decisions.

34
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Why this belongs in a graph-model book

Consider a fixed two-bus graph with series impedance Z and a load at the receiving bus. The power-flow
relation is not just the graph incidence; it is

Us − Ur = ZI, Sr = UrI
∗,

together with a law for Sr as a function of Ur. Replacing constant power by constant impedance changes
the equation graph and the feasible set without changing the bus–branch multigraph. A transformation that
preserves only Y or connectivity has not preserved the decision problem unless it also preserves the load
relation and the observations that depend on it.

This is a useful counterweight to a common simplification: “the network graph is unchanged, so the OPF is
unchanged.” The graph is one layer of the model; the load factor is another.

When a load or generator enters the nodal operator

The factor layer and the nodal operator should not be confused. A constant- impedance load is a one-terminal
shunt factor, so a declared formulationmay stamp its admittance into a diagonal nodal block. A ZIP or constant-
power load may instead be represented by a fixed linear part plus a voltage-dependent compensation current.
The same distinction applies to generators: a fixed Norton or dynamic equivalent may contribute a matrix
block, while a PV/PQ control, current limit, or inverter control law remains an injection or constraint relation.

OpenDSS provides a useful engineering example. Its normal solution uses a system nodal matrix together
with compensation currents from nonlinear power- conversion elements; its direct/admittance option solves
with load and generator equivalents included in the matrix. The documentation also notes that loads may be
switched to an admittance representation for fault studies and that the fault-study matrix has its own source,
generator, and load-current composition [5–7, 9]. This is a solver and study choice, not a claim that the
underlying load has become a line edge or that the source graph has changed.

The same warning applies to a two-terminal factor whose terminals become the same resolved node. A fixed
linear π section can reduce exactly to a constant- admittance shunt after terminal-map assembly, but that
compiled diagonal term is not a self-loop edge and does not erase the source factor, its controls, limits, or
provenance. See Multigraphs for expert modelers for the derivation and refusal boundary.

The supplied application-directed distribution equivalent illustrates the same boundary at feeder scale. Its
reduction first constructs a nodal equivalent and then aggregates PVs and loads at an equivalent node, with
phase-shifting and shunt elements added to preserve the selected study responses. The resulting model is
validated for declared power-flow and EMT observations; it is not presented as the unique graph of the original
feeder [10].

For this reason, a nodal matrix should be annotated with at least:

• the source factor inventory and terminal/attachment maps;

• the study mode and active device state;

• which load, generator, shunt, or source components were stamped into the matrix;

• which nonlinear or controlled parts remain in injection and constraint maps;

• the operating point or iteration used for any linearization; and

• the observations, limits, decisions, and recovery maps that remain valid.

https://frederikgeth.github.io/multi-graph-book/dev/foundations/multigraphs-for-modelers/#multigraphs-for-modelers
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Decision consequences

Load-model choice becomes especially visible in three regimes:

1. voltage regulation and CVR: constant-power loads do not reduce demand when voltage is lowered,
while impedance loads do;

2. hosting capacity and voltage limits: a voltage-dependent load can partially relieve a binding voltage
constraint, changing the reported capacity; and

3. weak feeders and collapse: constant-power demand can create a nose point, so a local high-voltage
solution may disappear as the load scale increases.

The relevant preservation contract must name the load family, its anchor, phase or connection map, and
whether the decision varies load scale, voltage, or model parameters. A numerical result that changes after a
load model swap is not necessarily a solver error; it may be the intended change in the physical problem.

Per-conductor and connection semantics

For a multiconductor load, v is not automatically a bus-voltage scalar. The factor must declare whether it uses
phase-to-neutral, phase-to-phase, sequence, or another terminal combination. A delta load and a wye load can
share the same bus terminals while seeing different voltage coordinates. The load model therefore belongs
beside the terminal map, not as an unqualified attribute of a graph vertex.

Likewise, a three-phase load may be balanced in name but still have phase-specific Pp and Qp values. A
balanced positive-sequence view preserves it only when the load relation, grounding, limits, controls, and
observations close under the same phase symmetry.

Nominal voltage belongs to the load coordinate (LOAD-BASE-001)

For a voltage-dependent load, nominal voltage is not merely descriptive nameplate metadata. It anchors the
normalized terminal voltage used by the constitutive law. For example, a ZIP active-power law contains

P (V ) = P0

[
αZ

(
|V |
Vnom

)2

+ αI

(
|V |
Vnom

)
+ αP

]
.

The voltage V and anchor Vnom must use the same terminal coordinate. A WYE load uses phase-to-neutral
voltage. A DELTA load uses line-to-line voltage. On a nominal three-phase system with phase-to-neutral base
Vpn, the corresponding line-to-line base is Vll =

√
3Vpn. Copying the same numeric value into both load

records changes |V |/Vnom by a factor of
√
3; it is a different load law, not a harmless label change.

This rule is declaration-relative. A consistent anchor does not prove that the source voltage, transformer ratios,
terminal map, coefficients, units, or solved operating point are correct. Those remain separate validation
obligations.

Executable connection-map probe (LOAD-CONNECTION-001)

The generated connection_maps witness in experiments/generated/load-grounding-witnesses.json
uses ordered terminals (a, b, c, n) and applies two explicit linear maps to the same balanced bus:

TY v = (Va − Vn, Vb − Vn, Vc − Vn), T∆v = (Va − Vb, Vb − Vc, Vc − Va).
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The wye observations have unit magnitude, while the delta observations have magnitude
√
3 for the recorded

positive-sequence voltage. The bus and graph are unchanged; only the factor's terminal map changes. This
is a small structural witness, not a complete unbalanced load-flow or rating model.

Modelling checklist

Before comparing two graph views or deleting a factor, record:

• the load connection and ordered terminal map;

• the active and reactive voltage law;

• the nominal voltage anchor and units;

• phase-specific coefficients or exponents;

• whether the law changes with state, control, or time;

• the voltage and current quantities used in limits; and

• whether the study seeks feasibility, load delivery, hosting capacity, voltage regulation, or a different
decision.

The book's existing parallel-line and transformer cases preserve their load equations explicitly. This chapter
makes the reason general: constitutive models are part of the representation contract, even when they are
invisible in a simple graph drawing.

Scoped numerical witness

The generated artifact experiments/generated/load-grounding-witnesses.json solves one fixed two-bus
network under three load laws. With the same source, series impedance, nominal demand, voltage limit
|Ur| ≥ 0.87 and current limit |I| ≤ 1.00, the recorded high-voltage solutions are:

Load law |Ur| |I| Voltage limit Current limit

CP 0.8592 1.0872 fail fail
CI 0.8803 0.9341 pass pass
CZ 0.8937 0.8348 pass pass

ZIP (active (0.4, 0.3, 0.3), reactive (0.2, 0.3, 0.5)) 0.8792 0.9310 pass pass

This is a decision witness, not a universal ranking of load models. It shows that a graph-preserving change of
constitutive law can change both feasibility and the active constraint set.

The left panel places the recorded operating points against the same voltage and current limits. The right
panel is the finite continuation probe: CP is the first family to fail the declared iteration test, while the other
three families remain traceable through scale 3.0. Neither panel is a universal voltage-collapse or load-model-
ranking theorem.

The artifact experiments/generated/load-model-independent-reproduction.json repeats the same
damped fixed-point calculation with a separate standard-library Python implementation. It reproduces all
four recorded rows and their voltage/current limit decisions. This supports reproducibility of the declared
scalar fixture; it does not establish global solvability, a universal ranking of load laws, or the adequacy of
CP/CI/CZ/ZIP for a particular utility study. The ZIP row uses nonnegative active and reactive coefficients that
each sum to one; the two coefficient triples are deliberately distinct to expose that reactive demand need not
follow the active-power law.
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Figure 6.1: Operating-point divergence and continuation boundaries for four load laws.

Continuation probe (LOAD-CONTINUATION-001)

The same scalar fixture also includes a demand-scale continuation in load_continuation. It tracks the pre-
vious high-voltage iterate over scales 0.2, 0.3, . . . , 3.0 with damping 0.5. The recorded CP branch converges
through scale 1.7 and fails the declared iteration/residual test at scale 1.8; CI, CZ, and the ZIP branch remain
converged through scale 3.0. This is useful as a warning that a load-model change can move a numerical
branch boundary, but the boundary is solver- and continuation-specific. It is not a global voltage- collapse
theorem, and the artifact does not claim that the first failed iterate is the exact saddle-node point.

The generated artifact experiments/generated/load-continuation-independent-reproduction.json re-
peats the complete sampled path with a separate standard-library Python implementation. It matches all
convergence flags, every converged voltage and residual row, and the CP failure scale. This independently
reproduces the algorithm-scoped observation; it still does not convert iteration failure into an infeasibility cer-
tificate or a mathematically continued nose curve.



Chapter 7

Earth, neutral, and reference

Page status: scopedmodel-class taxonomy with a numerical E₂ explicit-earth/protection witness; asset-aware
protection studies remain future work.

Evidence boundary

Scope: reduced-earth, neutral/grounding-factor, and explicit-earth model classes in the declared
steady-state fixtures. Evidence: definitions, impedance constructions, and scoped numerical wit-
nesses. Numerical optimality: no protection or network optimization result is claimed by the tax-
onomy or fixtures. Unresolved boundary: source-faithful earth-return data, asset-aware protection,
uncertainty, and independent engineering review.

“Ground” is used for several different objects in power-systemmodels. This book distinguishes a mathematical
voltage reference, a neutral conductor, an earth-return path, and a physical grounding asset. A representation
must state which of these it contains before a reduction or fault claim is interpreted.

Four distinct meanings

• Reference: a gauge choice such as U0 = 0. It fixes coordinates but does not carry current or represent
soil impedance.

• Neutral: an explicit conductor or terminal with its own voltage, current, impedance, and limits. It may
be grounded at one or more locations.

• Earth return: a conductive path through soil, ground wire, shield wire, or a reduced earth-impedance
model. It can carry current and couple phases.

• Grounding asset: an electrode, grid, bond, transformer grounding point, or protection object with
identity, state, and maintenance semantics.

Conflating these meanings can make a phase-to-neutral reduction appear exact while deleting a ground-fault
path or a neutral-to-earth constraint.

Model classes

The classes are not a strict accuracy ladder. E1 may be the right model for a study whose observations
are terminal voltages, while E3 is required for a grounding-asset outage decision even if both use the same
external admittance.

The ladder is generated by experiments/render_earth_return_ladder.py. Its arrows indicate added mod-
elling commitments, not a universal accuracy ranking.
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Class Electrical representation Typical use What it cannot answer by
itself

E0 ideal
reference

algebraic reference or gauge; no
earth current variable

balanced transmission
PF/OPF

earth-return current,
grounding impedance,

fault path
E1 reduced
earth return

earth effects embedded in
sequence, Carson, or fitted
impedance/shunt blocks

feeder PF, planning,
approximate fault

studies

identity and state of the
physical earth path

unless linked
E2 explicit

earth
conductor

conductor or port with
voltage/current and mutual

coupling

four-wire, shield-wire,
grounding, protection

studies

soil detail beyond the
selected conductor model

E3

asset-aware
grounding

E1 or E2 plus electrodes, bonds,
grids, protection and maintenance

relations

switching, outage,
protection, asset

decisions

none beyond the declared
physical and study model

Figure 7.1: Earth and neutral model-class ladder, from an ideal reference to asset-aware grounding.

Scope contract for reductions

A transformation involving neutral or ground must record:

1. the reference convention and gauge;

2. whether neutral and earth are separate ports;

3. the earth-return class E0–E3;

4. the number and location of ideal or finite grounding points;

5. whether line shunts, mutual coupling, and ground-fault currents are retained;

6. which voltage, current, protection, and asset observations are preserved;

7. a recovery map for eliminated neutral or earth quantities.
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For example, the phase-to-neutral map in the circuit-coordinate chapter can be exact for phase-to-neutral
terminal behaviour under sparse compatible grounding, while being insufficient for E2 neutral-to-earth volt-
age limits. The Geth–Heidari–Koirala reduction is useful precisely because it states grounding and radiality
conditions rather than treating a three-wire picture as an automatic physical deletion [11].

Circuit-theory trap

Setting the reference potential to zero is not the same as setting a conductor voltage to zero, and
neither operation removes an earth-return current. A reduced model must say which variable was
fixed, eliminated, or merely not represented.

Consequences for the running network

The running fixture uses a reduced-earth E1 model with an explicit neutral and grounding factor: hn is a
finite neutral-to-earth shunt, the four-wire line retains a neutral terminal, and the source reference is declared
separately. It does not contain an explicit earth conductor or earth port, so it is not an E2 model. The fixture
does not claim a detailed soil or electrode model, so grounding-asset decisions remain outside its current
numerical scope. Future explicit-earth cases should add a physical earth conductor or grounding-grid factor
and test recovery of ground currents, neutral voltages, and protection observations. The separate E₂ witness
below provides that minimal explicit-earth check without changing the classification of the running fixture.

A useful comparative case

The BMOPFTools grounding tutorial suggests a compact experiment that fits the book's preservation story. Hold
the line matrix, load, and bus graph fixed and vary only the customer-end grounding relation:

State Added relation Observations that should change

floating
neutral

no local neutral-to-reference path neutral-to-earth voltage and return-current
allocation

impedance
grounded

finite electrode shunt electrode current, neutral displacement, and
phase-to-neutral voltage

perfectly
grounded

ideal voltage constraint neutral voltage by construction and a different
current path

explicit earth
return

earth conductor or factor with its
own impedance

earth current, neutral current, and
grounding-asset limits

This is not four different graphs in the simple-topology sense. It is one asset/connectivity view with four
electrical and decision models. A study that only asks whether buses are connected sees no change; a study
that asks for neutral limits, touch voltage, fault current, or electrode maintenance does. The comparison is
now instantiated in the scoped artifact experiments/generated/load-grounding-witnesses.json. It keeps
the same two-conductor bus–branch graph and varies only the customer-end relation. The recorded neutral-
voltage magnitudes are approximately 0.14184 (floating), 0.10026 (finite impedance), and 0.00000 (ideal
grounding); the corresponding ground-current magnitudes are 0, 0.27807, and 0.88999 per unit. These values
make the decision point concrete without claiming that the three-state scalar fixture represents an explicit-
earth-conductor or protection study.

The comparison is therefore evidence for the E0–E3 scope contract, not a reason to promote “grounded” to a
single graph attribute.
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Explicit earth conductor and a protection observation

The same generated artifact contains a three-node linear fixture with phase, neutral, and earth conductor
voltages. A finite neutral-to-earth bond is retained as a separate relation. Three resolved states are compared:

State Earth voltage
magnitude

Earth-conductor
current

Fault
current

Protection
observation

earth in service 0.04975 0.18540 0 no trip
earth conductor

maintenance outage
0.14184 0 0 no trip

phase-to-earth fault 0.52173 1.94437 2.81114 trip
neutral-to-earth fault 0.07851 0.29260 0.25112 no trip

The outage and fault rows show why an explicit earth port cannot be replaced by an ideal reference: the earth
conductor has its own current, availability, protection observation, and asset identity. The witness also records
earth-node voltage as a touch-voltage observation: the declared 0.10 pu limit passes in service (0.04975 pu)
and fails for both the maintenance outage (0.14184 pu) and the faults (0.52173 pu and 0.07851 pu). The
earth-conductor maintenance decision is retained with its asset state and cost. Protection uses a CT ratio of 10
and a 0.20 pu secondary pickup: the phase fault measures 0.28111 pu, trips after 0.2466 s under the declared
inverse-time curve, while the neutral fault measures 0.02511 pu and does not trip. A separate saturation
probe caps the phase-fault secondary current at 0.18 pu and changes that trip decision. These are declared
sensitivity models, not relay or CT standards. This is a deliberately small E₂/E₃ boundary witness and does
not model relay curves beyond the illustrative curve, CT electromagnetic behaviour, or a complete fault-class
enumeration.



Chapter 8

When a balanced model is sufficient

Page status: controlled positive-sequence specialization with factor- and network-level executable witnesses;
global decision equivalence and external review remain open.

Evidence boundary

Scope: three-phase linear factors and networks with cyclic symmetry, balanced boundary data, and
positive-sequence observations. Evidence: sequence-coordinate derivation, balanced transmission
witness, and independent numerical reimplementation of that fixture. Numerical optimality: the
witness is not a global nonlinear OPF result. Unresolved boundary: exactness for untransposed or
unbalanced networks, phase-specific decisions, and external mathematical review.

The general multiconductor, multi-terminal model is a baseline for preserving meaning. It is not a claim that
every study needs all of that structure. This chapter gives a positive derivation of the familiar balanced positive-
sequence bus–branch model and lists the assumptions that make the collapse admissible.

The balanced invariant subspace

Let a three-phase two-terminal factor use the phase order (a, b, c) and the Fortescue matrix F

This is the classical symmetrical-coordinate construction introduced by Fortescue [12]. The transform itself
is always invertible; sequence decoupling is not. Decoupling requires the phase-domain operator, including
connected series/shunt factors and grounding, to leave the sequence subspaces invariant.

vabc = Fv012, F =

1 1 1
1 a2 a
1 a a2

 , a = ej2π/3.

The positive-sequence subspace is

V+ = {F[0, V1, 0]
T : V1 ∈ C}.

An exactly balanced operating point has phase voltages and currents in this subspace, with the corresponding
phase shifts. Balance is a restriction on the admissible state and injections; it is not created by drawing one
edge per bus pair.
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Factor-level assumptions

Consider a linear series or nominal-π factor with phase-domain relation i = Yv. A sufficient exact-collapse
contract is:

1. compatible phase sets: every retained terminal has the same ordered three-phase set, with no unre-
solved neutral or earth port;

2. cyclic symmetry: each series and shunt matrix commutes with the cyclic phase permutation, equiva-
lently it is circulant in the declared phase coordinates;

3. balanced boundary data: sources, injections, and measurements are restricted to V+;

4. sequence-compatible grounding: zero- and negative-sequence return paths are either absent from
the study or represented by fixed factors whose constraints are not queried;

5. two-terminal closure: each device is already a two-terminal factor, or a multi-terminal device has an
explicitly verified positive-sequence compilation;

6. decision symmetry: controls are common to all phases, and limits, costs, and admissible states are
invariant under the same phase symmetry;

7. observation restriction: the study does not ask for phase-specific, neutral-to-ground, negative-
sequence, zero-sequence, or internal winding quantities.

Under these assumptions, F−1YF is diagonal in sequence coordinates, and the positive-sequence block is
invariant:

Y012 = F−1YabcF = diag(Y0, Y1, Y2), I1 = Y1V1.

Transposition alone is therefore not an exact positive-sequence reduction. It can support a balanced or ap-
proximately cyclic model, but exact restricted closure still requires the operator, grounding, devices, limits,
controls, and observations to respect the declared sequence symmetry.

The federated applicability guard PSK-000009 makes this boundary executable through BMOPFTools contract
positive_sequence_collapse_applicability. The compact check verifies circulant series/shunt factors,
phase order, and the scalar positive-sequence relation, while requiring explicit declarations for balanced bound-
ary data, sequence-compatible grounding, two-terminal closure, phase-symmetric decisions, and positive-
sequence observations. Its pass is a restricted relation check; it does not certify an unbalanced feeder or
any phase-specific, neutral/earth, protection, internal-device, objective, or solver observation.

For a nominal-π factor, the same statement applies to the series and shunt blocks separately. The positive-
sequence network is therefore a derived two-terminal scalar complex network with one voltage and current
per bus/arc, provided the factor library and decision constraints close under the restriction.

The generated witness experiments/generated/positive-sequence-collapse-witness.json diagonalizes
one circulant impedance matrix to numerical precision and records a non-circulant perturbation that mixes
sequences. The companion experiments/generated/balanced-transmission-witness.json assembles a
three-bus, two-arc nominal-π network with the same cyclic series and shunt factors. It solves the reduced
phase-domain equations and the scalar positive-sequence equations independently, embeds the scalar volt-
ages and branch currents, and checks their residuals. The result is a network-level positive example for the
declared balanced observation family, not a global decision-equivalence theorem.
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Figure 8.1: Positive-sequence invariant subspace and sequence mixing.

The generated comparison experiments/generated/balanced-transmission-independent-reproduction.json
repeats the phase-domain and scalar solves with a separate standard-library complex Gaussian-elimination
implementation. It matches the Julia voltages, residuals, and branch-current checks row-for-row. This is inde-
pendent numerical reproduction of the declared fixture, not independent review of the modelling assumptions
or a standards-aligned transmission validation.

The geometry is a projection aid: the circulant factor leaves the positive-sequence axis invariant, while the
perturbed factor produces an off-axis residual. The residual ρ+ is a coordinate diagnostic until propagated
through constraints and decisions.

Network-level derivation

Let C+ restrict a general model to the positive-sequence subspace and let E+ embed a positive-sequence
state into phase coordinates. Under the factor, boundary, and decision assumptions above,

F+ = C+(Fabc), E+(F+) ⊆ Fabc,

and the declared observations agree on the embedded balanced states as

habc ◦ E+ = ĥ+.

This is a restricted factorization onE+(F+). It is not the stronger global identity habc = ĥ+◦C+ on arbitrary
phase-domain states.

Thus the positive-sequence model is exact for the restricted observation family H+. It is not exact for the
unrestricted phase-domain feasible set unless every feasible phase-domain point is balanced, which is a much
stronger statement.
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For an approximately balanced model, define the residual of a phase-domain state v by

ρ+(v) = ‖v− E+C+v‖ .

This is a coordinate residual, not a decision-error bound. A voltage residual must be propagated through the
factor equations and constraints before it can support an engineering approximation claim.

What collapses, and what does not

General object Positive-sequence image Required qualification

three phase voltages/currents one complex sequence
variable

only balanced states are represented

circulant series and shunt
matrices

scalar Y1 blocks non-circulant coupling produces
sequence mixing

identical phase limits and
common controls

one sequence
limit/control

phase-specific constraints are outside
the image

two-terminal factor oriented bus–branch arc multi-terminal devices need a verified
compiler

neutral/earth factor omitted or externally
resolved

grounding and zero-sequence questions
are forgotten

phase-specific measurements aggregate sequence
observation

not preserved by the quotient

The running fixture intentionally fails several guards: it has four-wire lines, an explicit grounded neutral, nonuni-
form terminal sets, a phase permutation, unbalanced loads, full coupled matrices, and a three-winding trans-
former. It is therefore a test of the general model, not a balanced positive-sequence witness. The transmis-
sion specialization must be a separately declared fixture or a parameterized subcase with its own residual and
checks.

Power-system shorthand

“Use a positive-sequence model” is a modelling decision with assumptions, not a graph-theoretic sim-
plification. State the balance, transposition, grounding, equipment, limit, and observation assumptions
before treating the resulting bus–branch graph as exact.

Decision consequence

The positive-sequence collapse is exact for a restricted decision problemwhen the feasible-set inclusion, recov-
ery embedding, and observation factorization above hold. If a contingency opens one phase, a relay observes
zero sequence, a transformer has phase-dependent taps, or a conductor limit becomes active, the decision do-
main has left F+. The general port–factor model or an explicitly guarded intermediate model is then required.



Part 4: Graphs for different computations
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Chapter 9

One network, many graphs

Page status: explanatory synthesis introducing the representation landscape.

Calling something the network graph hides the modelling decision that produced it. The same physical power
network can yield several non-isomorphic structures, each correct for some questions and inadequate for
others.

Power-system shorthand

Treat the network graph as an omitted noun phrase. Ask whether the sentence means an asset graph,
active topology, terminal-connectivity graph, bus–branch multigraph, factor incidence graph, or equa-
tion/sparsity graph.

A deliberately difficult network

The running network for this book contains ordered conductor terminals, an explicit neutral and grounding
impedance, heterogeneous parallel lines, switchgear, and a genuinely multiwinding transformer. It also con-
tains limits and controls used in a decision problem. Its complete semantic specification is given in The running
multiconductor network. Its first numerical realization and the six illustrated views described below are given
in the Executable running network.

The representation-scoped meanings of cycles, parallelism, bridges, leaves, and radial ends are developed in
Cycles, parallelism, and radial structure.

The first surprise is not a new device; it is a change of graph. At the bus level the feeder can be radial, while
dense multiconductor stamps create cliques—and therefore cycles—in the scalar support graph used by a
matrix algorithm. The drawing below shows only cross-bus support edges; these already contain four-cycles.
Within-bus entries are omitted:

The resolving phrase is which graph? Bus-level radiality is a statement about equipment connectivity.
Support-graph cycles are a statement about algebraic coupling. When the full stamps give the required clique
structure, the support graph can be chordal and admit leaf-clique elimination. The drawing above does not
show that full pattern and is not itself chordal. Neither case implies an additional physical loop.

Nothing exotic is required to create representational disagreement. Parallel lines already show the issue. If
two branches ℓ1 and ℓ2 connect buses i and j, a multigraph retains both triples

ℓ1ij, ℓ2ij ∈ T L→.
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Figure 9.1: A radial bus-level feeder can have cycles in its conductor-expanded support graph.

Here i and j are bus labels, not necessarily row and column numbers in an array. If a software implementation
enumerates the bus set, its stored entry is written [Y]κ(i),κ(j); the semantic relation remains Yij . This is the
same label-before-coordinate rule used in the equation-reading bridge.

A simple graph retains only the adjacency i ∼ j. A weighted simple graph might store

Yeq
ij = Yℓ1 + Yℓ2 ,

but this does not by itself retain individual current limits, outages, maintenance states, ownership, or invest-
ment choices.

Six useful views

Asset view

The asset graph distinguishes each line, winding, switch, grounding device, measurement, and owner. It sup-
ports questions such as which circuit is unavailable? and which construction record produced this impedance?
It need not contain the virtual buses introduced by an OPF formulation.

Terminal-connectivity view

This view records ordered bus terminals and the maps by which element conductors attach to them. It can
distinguish phase a from a neutral and can represent a conductor permutation between the ends of a line. It
is the natural place to resolve switchgear and grounding connectivity.

https://frederikgeth.github.io/multi-graph-book/dev/start/how-to-read-diagrams-and-equations/#how-to-read-diagrams-and-equations
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Bus–branch multigraph

Buses are vertices and identified two-terminal elements are edges. Parallel circuits remain distinct. This view
is effective when the device vocabulary is genuinely two-terminal or when multi-terminal devices have been
compiled into an equivalent network with explicit provenance.

Port–factor view

Ports carry terminal variables and factors impose constitutive, limit, control, or measurement relations. A
multiwinding transformer can remain one factor with one port bundle per winding. The number of ports is not
forced to two.

Equation or optimization view

Variables and constraints form a bipartite graph, or blocks form a computational dependency graph. This view
exposes separability, coupling, and decomposition opportunities. An auxiliary variable created for numerical
convenience becomes a graph vertex even though it is not a physical object.

Matrix sparsity view

The nonzero pattern of an admittance, Jacobian, KKT, or Schur-complement matrix defines another graph.
Elimination may reduce the number of variables while making this graph denser. A sparsity edge means
algebraic coupling, not necessarily a physical branch.

Loads, generators, and the graph boundary

Loads and generators expose why an element inventory must be declared before the word graph is used. In an
asset or bus–branch graph they are usually devices attached to a bus, not ordinary line edges. In a port–factor
graph they are explicit one-terminal or multi-terminal factors. In a nodal-support graph they appear only when
a declared formulation stamps a linear or linearized part of their relation into the nodal operator. In an equation
or optimization graph they also appear through injections, controls, limits, and decision variables.

The same device can therefore be absent from one graph and present in another without contradiction:

View Device role Typical question

asset or
bus–branch

graph

attached equipment or a bus-side factor; not
necessarily an edge

which device is switchable, owned, or
removed?

port–factor
graph

one-terminal or multi-terminal constitutive
factor with a terminal map

what relation, limit, or control does
the device impose?

nodal-support
graph

a diagonal shunt, off-diagonal block, or no direct
stamp, depending on the declared model

which retained voltage coordinates
are coupled by this formulation?

solver/Jacobian
graph

injection, residual, derivative, control, or
constraint block

which variables and equations
determine the next iterate or

decision?

A constant-admittance load can therefore be stamped into a diagonal nodal block without becoming a physical
network edge. A Norton generator or a multi-terminal device can contribute a different block pattern. The
stamping choice is a property of the declared study formulation, not a definition of the source asset graph.
The circuit formulation boundary and load-model chapter make this split explicit.
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Question Required retained meaning A useful view

Are two assets independently
switchable?

member identity and switch
state

asset graph or multigraph

Which conductors share a junction? ordered terminals and terminal
maps

terminal-connectivity model

What is the boundary current response? constitutive relation at
retained ports

port–factor or admittance
model

Which constraints determine the OPF
optimum?

feasible set, controls, objective optimization model

Which variables should be eliminated
first?

numerical nonzero structure sparsity graph

Can a result be mapped to the source
data?

provenance and recovery linked source and generated
views

Different questions select different views

The views are not arranged in a universal hierarchy. The asset graph may know more about ownership and
less about electrical variables than a compiled optimization graph. Expressiveness is relative to the declared
question.

The first preservation test

Suppose each parallel line obeys

Is
ℓij = Yℓ

(
Ui[Nℓi]−Uj [Nℓj ]

)
and has a conductor-current feasible set Cℓ. Aggregating admittance preserves the sum of terminal series
currents, but the source feasible voltage differences satisfy

{∆U : Yℓ∆U ∈ Cℓ ∀ℓ} .

A single conventional edge limit need not reproduce this intersection. The transformation can be exact for
one observation and wrong for a decision problem. This is why the book asks for a Preservation contracts
rather than calling a smaller graph simply equivalent. A first failure: heterogeneous parallel branches gives
an analytic witness and executable certificate.

The route through the book

Before the formal taxonomy, One network, five languages translates the recurring terms used by power en-
gineers, software and data experts, mathematical modellers, graph theorists, and graph-machine-learning
readers. The Representation taxonomy separates the major model families. Notation and modelling conven-
tions fixes the element, arc, terminal, and winding indices. Representation implementation record records the
linked architecture's executable implementation status. The transformation parts then ask which views can be
derived, under what guards, and with what consequences for feasible decisions. Five buses through a multi-
port lowering is the compact bridge from these view names to an explicit three-winding compilation and loss
ledger.

https://frederikgeth.github.io/multi-graph-book/dev/start/one-network-five-languages/#one-network-five-languages
https://frederikgeth.github.io/multi-graph-book/dev/foundations/representation-taxonomy/#representation-taxonomy
https://frederikgeth.github.io/multi-graph-book/dev/literature/representation-implementation-record/#representation-implementation-record
https://frederikgeth.github.io/multi-graph-book/dev/start/five-bus-transformer-lowering/#five-bus-transformer-lowering
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Chapter 10

Five buses: identities and cycles

Page status: generated worked graph example with hash-bound figures, BMOPFTools cross-checks, and com-
panion conductor-terminal and multi-port lowering witnesses.

Purpose and status

This worked example separates four operations that are often drawn as if they formed one reduction chain:
forgetting parallel identity, constructing an electrical aggregate, eliminating internal variables, and selecting
a spanning tree. They do not have the same source, target, or preservation contract.

The general definitions of simple cycles, line-identity cycles, parallel fibres, bridges, leaves, and adjacency-
versusmember-radiality are given in Cycles, parallelism, and radial structure. This chapter supplies the running
numerical witness for those definitions.

The graph identities below are standard finite-dimensional results. The line-indexed calculations, nodal-
admittance comparison, decision witness, and BMOPFTools topology cross-check are executable. The figures
are generated from that same analysis record rather than maintained as independent sketches. The scalar
values are chosen to make the distinctions visible; the final section lifts the construction to the book's
multiconductor and multi-terminal scope.

Source bus–branch multigraph

Let the buses and identified lines be

B = {i, j, k, l,m}, L = {q, r, s, t, u, v, w}.

Using the book's element–endpoint convention, declare

T L→ = {qji, rij, sjk, tki, vlj, wkl, ulm}.

Thus q and r are distinct parallel lines even though their declared orientations are opposite. Reversing either
arrow changes signs in oriented coordinates but does not change the underlying undirected multigraph.

With bus order (i, j, k, l,m) and line order (q, r, s, t, v, w, u), take−1 at the declared from bus and+1 at the
declared to bus. The incidence matrix is
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A =


1 −1 0 1 0 0 0
−1 1 −1 0 1 0 0
0 0 1 −1 0 −1 0
0 0 0 0 −1 1 −1
0 0 0 0 0 0 1

 .

The connected graph has rank(A) = 4. Its real cycle space therefore has dimension

µ = dim ker A = |L| − rank(A) = 7− 4 = 3.

More generally, a loopless undirected multigraph with c connected components has

µ = |L| − |B|+ c.

The displayed integer matrix below is only one coordinate realization. Its semantic rows are indexed by buses
i ∈ B and its columns by identified lines ℓ ∈ L. If κB and κL enumerate those sets, then the stored array
satisfies

[
A
]
κB(i),κL(ℓ)

= Aiℓ.

This distinction matters even in this small example: the line labels q and r are not row or column numbers,
and the cycle labels Cq, Ct, Cv are not required to be integers. The integer ordering is useful for computation;
the labelled incidence is what retains the identity of parallel members.

This count uses identified lines. Deduplicating endpoint pairs before counting cycles gives a different graph
and can give a different answer.

A line-indexed fundamental cycle basis

Choose the spanning tree

Ttree = {r, s, w, u}.

Its chords are q, t, and v. Adding each chord to the tree gives

Cq = {q, r}, Ct = {r, s, t}, Cv = {s, v, w}.
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Figure 10.1: The source multigraph and the three line-indexed fundamental cycles.

The small multiples make the missing dimension visible. The cycle Cq has only two buses but two distinct line
columns; it disappears as soon as q and r are represented by one adjacency.

The first cycle is the two-edge cycle made by the parallel pair. With the declared orientations, the signed
edge–cycle matrix is

C =

Cq Ct Cv
q 1 0 0
r 1 1 0
s 0 1 1
t 0 1 0
v 0 0 1
w 0 0 1
u 0 0 0

, AC = 0.

Equivalently, write the relation without choosing storage coordinates asCℓγ for ℓ ∈ L and γ ∈ Γ. The equation
AiℓCℓγ is then a finite labelled sum over the shared line index ℓ. This is the same label-before-coordinate
principle used for nodal blocks and terminal maps.

Cycle bases are not unique. A minimum cycle basis additionally requires nonnegative edge weights and mini-
mizes total basis weight [13]. A list of vertex tuples alone is insufficient for the source multigraph: replacing q
by r produces a different line cycle, and the two-edge cycle cannot be represented without member identity.

Line u is the only bridge: removing it increases the number of connected components. Calling u a radial edge
is less precise, and callingm a radial bus does not generalize well. A cycle-core bus can also be the attachment
point of a bridge and a pendant tree. Bridges, the graph 2-core, and block–cut structure express those roles
without assigning radiality to an individual vertex.

Projection is not electrical aggregation

Let π forget line identity and retain only a canonical unordered endpoint pair. Then
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π(q) = π(r) = eij .

The resulting simple graph has six edges and cycle rank

6− 5 + 1 = 2.

This is a topology projection. It loses the q–r two-cycle, member orientations, ratings, states, ownership, and
provenance. Under the standard definition it also has neither parallel edges nor self-loops.

Figure 10.2: Three typed constructions that can otherwise look like one graph-simplification chain.

The first two lower panels intentionally have the same graph shape. One means only that member identity was
forgotten. The other carries a summed electrical factor while the source-member recovery maps and limits
remain available. The third panel has not removed anything: it merely draws the selected tree solid and the
three source chords dashed.

An electrical aggregate is a separate construction. For reciprocal scalar series branches on common endpoint
coordinates,

Itotal
ij = (Yq + Yr) (Ui − Uj), Y eq

ij = Yq + Yr.
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If both impedances are invertible, this means

Zeq
ij =

(
Z−1q + Z−1r

)−1
,

not Zq + Zr. With the oriented incidence matrix and diagonal series admittance matrix,

YN = A diag(Yℓ)AT.

The executable example verifies that stamping the seven sourcemembers and stamping the six-edge weighted
projection produce identical YN. In an explicitly expanded scalar matrix, the m,m entry is +Yx; the off-
diagonal l,m entries are −Yx.

That equality is only a terminal-current statement. In the recorded witness, Yq = 10 S, Yr = 1 S, and each
member has a 100 A limit. At |Ui − Uj | = 15 V,

|Iq| = 150 A, |Ir| = 15 A.

The source is infeasible, while the summed check

|Iq + Ir| = 165 A ≤ 200 A

passes.

The same source-versus-aggregate feasible-set geometry is shown in the complex-plane figure in A first failure:
heterogeneous parallel branches. This five-bus chapter keeps the network topology and recovery discussion
local rather than repeating the scalar card.

The weighted simple graph can still be used exactly if the member recovery maps and nonredundant source
constraints remain lifted. This is the same decision-preservation mechanism developed in A first failure: het-
erogeneous parallel branches.

A spanning tree is a coordinate choice

The chosen tree gives a unique parent–child relation after selecting a root. It does so even though the source
graph is meshed. What is nonunique is the choice of tree, not the possibility of constructing a hierarchy.

Let the vector of oriented branch-voltage drops be

uL = ATU.

Then every source cycle satisfies

CTuL = CTATU = 0.
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Tree paths can parameterize voltage differences, while chord equations impose the remaining cycle consis-
tency. Similarly, the nullspace term in a branch-current description is indexed by cycle coordinates. Lines q,
t, and v remain physical members with constitutive equations, limits, states, and provenance.

Deleting a chord is therefore not a graph-coordinate operation. It changes the network unless the line is
already open, a decision selects it open, or a separate certificate proves the relevant relation and constraints
redundant. For a radial-topology decision, the active identified lines must form a tree or forest under the
declared connectivity contract. Counting only simple adjacencies would miss the two-edge cycle created when
both q and r are active.

Why the apparent reductions are guarded

In the projected simple graph, bus i has degree two, but it is also the source/injection bus. The degree-two
series rule must reject its elimination: topological degree alone does not establish a common series current.
The exact guards are given in Degree-two series elimination.

Line u is a dangling bridge, but it cannot be removed merely because it is outside every cycle. If bus m
carries a load, generator, measurement, bound, contingency, or retained voltage, pruning u changes the
study. Pendant-tree removal is valid only under an observation and decision contract that either excludes that
subtree or replaces it with a certified boundary model.

These distinctions classify the useful constructions as follows:

Construction Classification What must remain explicit

identified multigraph to
unweighted simple graph

projection forgotten member data if recovery
is required

parallel primitive summation exact terminal normalization
under guards

member recovery and
nonredundant constraints

guarded junction elimination exact behavioral reduction recovery, residual constraints, and
provenance

spanning-tree selection coordinate or algorithmic view every chord and its source
equations

chord opening fixed state or topology
decision

switch/line identity and
connectivity contract

The same distinctions survive when scalar branches are expanded into conductor-terminal relations and multi-
terminal factors.

Multiconductor and multi-terminal lift

For a multiconductor line, the scalar relation becomes

Is
ℓij = Yℓ (Ui[Nℓi]−Uj [Nℓj ]) .

Parallel primitives can be added only after orientations, ordered conductor coordinates, terminal maps, units,
and base quantities are aligned. For a nominal-π or general fixed linear two-terminal member, the object
to stamp is its complete terminal primitive, not only Yℓ. Component, grouped, and both-end limits remain
member-indexed unless a separate implication certificate removes them.

The asset-level cycle space still records line identity, but it need not equal a conductor-resolved cycle space.
Missing phases, explicit neutrals, grounding, and conductor permutations can give different connectivity by
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terminal. A cycle-based formulation must say whether its incidence describes buses, conductor terminals,
galvanic zones, factors, or algebraic variables.

A genuinely multiwinding transformer has no canonical representation as one ordinary bus–branch edge. Its
natural cycle participation belongs to the port–factor or terminal-incidence view. Any cycle basis of a compiled
two-terminal realization is relative to that compilation and must retain a map back to the source transformer
and windings.

The companion Five buses through a multi-port lowering keeps this chapter's line-induced graph unchanged
and adds a symbolic three-port transformer extension. It compares factor incidence, a generated star, and the
terminal clique produced by internal elimination, with a separate cycle rank for every declared graph.

Executable evidence

The package-independent implementation constructs A, the fundamental basis, bridges, simple projection,
and both nodal admittances. BMOPFTools independently analyzes the same seven identified line records.

The recorded checks give seven source lines on five buses, source incidence rank four, source cycle rank three,
and simple-projection cycle rank two. They also give

‖AC‖∞ = 0, ‖YN
source −YN

projected‖∞ = 0.

BMOPFTools reports three extra physical edges, and the independently computed bridge set is {u}.

https://frederikgeth.github.io/multi-graph-book/dev/start/five-bus-transformer-lowering/#five-bus-transformer-lowering


Chapter 11

Equipment, terminals, and nodal assembly

Page status: literature-backed definitions with executable structural and recovery witnesses; inverse recov-
ery is reported by explicit identifiability status and remains non-canonical without additional structure.

The missing middle between a one-line diagram and YN

Power engineers routinely move between a bus–branch diagram, a multiconductor circuit, and a nodal admit-
tance matrix. Those three objects are related, but they do not have the same vertices, edges, or cycles. Calling
all three the network graph hides two distinct topology levels and a many-to-one algebraic projection:

1. the equipment/terminal topology records identified equipment and its high-level attachments;

2. the conductor/port–factor topology records the electrical terminals, junctions, conductor coordi-
nates, and constitutive factors;

3. the nodal-operator support graph records which retained voltage coordinates are coupled by the
assembled matrix.

The first two are retained source structure in this book. The third is a derived computational view. The as-
set/dependency model remains an orthogonal companion to both: ownership, protection, common-mode fail-
ure, and maintenance are not entries of a nodal admittance matrix.

The same boundary applies to formulation choice. A compound YN is an exact target for a declared class of
fixed linear factors, but it is not a universal representation of a power network. General power-network studies
may need modified nodal or sparse-tableau variables, branch currents, multi-terminal factor relations, switch
states, controls, and limits that are not recoverable from nodal support alone. See Circuit formulations and the
lowering boundary for the guarded compilation alternatives.

The figure uses parallel lines because they expose the loss immediately. Both identified factors attach to the
same electrical junction coordinates, and their matrix contributions occupy the same nodal block. The as-
sembly preserves their combined linear boundary relation but forgets how that contribution was split between
assets.

The middle panel is a port–factor incidence view, not a bare bipartite graph: the small open circles are ports,
the junction bars are the codomain of j, and the factor boxes are the codomain of f . The labelled j and f
families are intentionally distinct. A later compilation may replace this structure by ordinary edges, but that is
a new target view with a provenance obligation rather than an identity of the source object.

Parallel lines make decomposition loss visible, while a multiwinding transformer makes graph-class change
visible. The companion five-bus multi-port lowering shows one three-port factor as an acyclic incidence/star
object and, after internal elimination, a cyclic terminal clique. That new support cycle is fill or terminal coupling,
not an additional physical transformer loop.
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Figure 11.1: Two source topology levels and their many-to-one nodal-admittance projection.

Level 1: identified equipment and high-level attachments

For the two-terminal subset of a network, let

GM = (B,L, ∂), ∂(ℓ) = {i, j}.

This is an identified multigraph: ℓ1 and ℓ2 remain distinct when ∂(ℓ1) = ∂(ℓ2). A stored reference orientation
is written ℓij and does not make the physical line a directed edge. The element-intrinsic impedance or primitive
matrix keeps the symmetric element index Zℓ or Yℓ; terminal observations use ℓij and ℓji.

The multigraph is only a high-level skeleton. A transformer x with winding set Kx is naturally multi-terminal,
and a jointly coupled line group may own more than two port bundles. Such objects belong in an port–factor
incidence structure, not in GM unless an explicit two-terminal compilation has been selected. The orthogonal
asset/dependencymodel links equipment records to this electrical structure throughΛ; it is not this multigraph.
Consequently, radial at equipment level must name both the selected object class and any multi-terminal
compilation used to obtain an ordinary graph.

At this level, parallelismmeans repeated high-level attachment. It says nothing yet about terminal order, phase
availability, grounding, mutual coupling, state, or whether currents may be added in a common coordinate
space.

Level 2: conductor junctions and electrical factors

The canonical electrical model is the hierarchical port–factor objectP defined in Formal representation frame-
works. For the present discussion, its important incidence maps are

j : Q → J , f : Q → Φ,

https://frederikgeth.github.io/multi-graph-book/dev/foundations/formal-representation-frameworks/#formal-representation-frameworks
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where j attaches a typed port to an electrical junction and f assigns the port to its owning factor. A junction
may represent a scalar conductor coordinate such as i/a or a typed bundle such as i/[a, b, c, n]. The factor
relation retains the full conductor coupling, terminal maps, internal variables, limits, state, and decisions.

Two distinct ports may attach to the same junction; indeed, the map j is deliberately many-to-one because
that is how KCL composes devices. A different relation is needed for construction detail. Let

c : Cphys → Q

map physical conductors or sub-conductors to their electrical ports. This map need not be injective: bundled
conductors, paralleled cables landing on one terminal, and other construction-level multiplicities can share
a port. The distinction is therefore precise: j composes electrical ports at a junction; c realizes a port from
physical conductor objects.

Implementation note. A particular importer or line-constant tool may use a narrower source schema. The
current BMOPFTools line-geometry compiler, for example, checks one geometry conductor per terminal label.
That is a boundary of that adapter's present primitive, not a definition of c. A richer source must remain
expanded or pass through a declared bundle-compilation rule before entering the adapter.

This level has its own notions of parallelism:

• factors can be parallel because all of their boundary port spaces and attachment maps coincide;

• physical conductors can be parallel inside one factor while sharing an electrical terminal at one or both
ends;

• two factors can share high-level buses but fail to be terminal-parallel because their phase sets, neutral
connections, or terminal maps differ;

• mutual coupling can place two nominal assets in one joint factor, so they are not independent edges
even when the asset inventory lists them separately.

The high- and low-level decompositions are therefore related by an explicit lineage/refinement relation, not by
an assumed one-edge-to-one-wire rule.

A coupling relation over line-section identities

Jointly coupled circuits expose why the identified multigraph and the factor model are both needed. Let S be
a set of oriented electrical line sections, each with lineage to a stable line asset, and let

Hcpl = (S, C)

be a typed relation graph whose edge c ∈ C identifies two spatially overlapping sections and carries their
mutual blocks, coordinate maps, orientation, and overlap interval. The vertices of Hcpl are therefore section
identities that appear as edges or refinements in the equipment view. This is a relation over line sections, not
another bus graph.

Each connected component Γ of Hcpl compiles into one joint electrical factor ϕΓ. Its primitive is assembled
before inversion or nodal stamping. This order preserves indirect coupling created by the inverse of a block
matrix and avoids pretending that each line owns an independent constitutive factor. Ratings, states, and
decisions remain attached to the source line or section quantities through the factor-to-asset lineage.

The coupled multi-voltage corridor case gives the smallest exact witness. Its two source line assets can belong
to different voltage systems, while their joint four-port factor lowers to a generated terminal lattice with cross-
voltage edges. Those edges belong to nodal support, not to galvanic connectivity or the asset inventory.

https://frederikgeth.github.io/multi-graph-book/dev/cases/coupled-multivoltage-corridor/#coupled-multivoltage-corridor
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From factors to a compound nodal operator

Stack the retained junction-voltage coordinates into U. Let Φlin be the declared subset of fixed linear un-
constrained electrical factors. A load or generator does not enter this set merely because it attaches to the
same network, but a declared constant-admittance part, Norton equivalent, fixed shunt, or iteration-specific
linearization may enter it. The nodal operator is therefore a study- and state-specific part of the model from
which some decision semantics may already have been omitted.

This distinction is important for one-terminal devices. Their attachment map belongs to the port–factor or
terminal-connectivity model even when their linear contribution is stamped into YN. Conversely, a constant-
power or controlled device may have no fixed admittance stamp while still contributing an injection function,
control equation, limit, or optimization decision. Inclusion in Φlin is thus a formulation choice with a declared
mode, state, and preservation contract; it does not decide whether the device belongs to the source graph.

For each ϕ ∈ Φlin, let Aϕ be a real select/permute/sign matrix for its ordered terminal voltages, so

uϕ = AϕU, iϕ = Yϕuϕ.

After mapping terminal currents back to the junction coordinates, linear assembly has the form

YN =
∑

ϕ∈Φlin

AT
ϕYϕAϕ.

The factor primitive Yϕ may already contain series, shunt, ideal-connection, transformer, or multiport struc-
ture. Incidence-matrix assembly of compound polyphase networks is developed by Kettner and Paolone [8];
nested primitive, winding, and connection maps for general multiphase transformers provide a particularly
clear device-level example [14].

The transpose in this assembly is intentional. Because Aϕ is real, the power-dual current map is AH
ϕ = AT

ϕ.
If a voltage map contains complex ratios or phase actions outside Yϕ, its current map uses the conjugate
transpose instead. This is the same distinction used for transformer maps elsewhere in the book.

The equation is an assembly identity, not a unique factorization of YN. For two electrically aligned parallel
factors ℓ1ij and ℓ2ij, the same off-diagonal nodal block contains

YN
ij = Yℓ1,ij + Yℓ2,ij +

∑
ϕ/∈{ℓ1,ℓ2}

Yϕ,ij .

Even when the last sum is empty,YN
ij does not identify its two summands. LetD be the linear difference space

admitted by the declared aligned factor class. Every admissible∆ gives the same assembled block through

(Y1,Y2) 7−→ (Y1 +∆,Y2 −∆).

Block structure and coordinate expansions

The phrase vector-valued multigraph is useful as a translation bridge for the two-terminal case: each high-
level edge retains its identity and carries a vector of terminal quantities, while its constitutive data arematrices.
It is not the canonical name of the general source model. In particular, an n-winding transformer is a typed
port–factor relation, not an ordinary edge with a longer vector label.
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Suppose each retained bus has c ordered conductor coordinates. The compound nodal operator is then natu-
rally a block matrix,

YN =

Y11 · · · Y1N

...
. . .

...
YN1 · · · YNN

 , Yij ∈ Cc×c.

The block labels i, j are bus identities, not necessarily integer positions. For a finite bus set B, an enumeration
κB turns the labelled family (YN

ij)i,j∈B into the stored block array

[
YN]

κB(i),κB(j)
= YN

ij .

This is the matrix analogue of the labelled edge–cycle construction in the opening example. The enumeration
can change without changing the block operator, its support, or its factor provenance.

For one two-terminal series factor with a full conductor admittance Ys
ℓ, the off-diagonal blocks are dense in

general, while endpoint shunts add to the diagonal blocks. A nominal-π factor is therefore one matrix-valued
factor whose local stamp may be written schematically as

[
Ysh

ℓi + Ys
ℓ −Ys

ℓ

−Ys
ℓ Ysh

ℓj + Ys
ℓ

]
.

This compact block view and the expanded scalar view answer different questions:

View Vertices or indices What a nonzero means

factor
multigraph

identified assets/factors a declared factor attachment

block support buses or junctions one or more conductor coordinates are coupled
scalar support bus–conductor

coordinates
a particular coordinate pair is coupled

numerical
matrix

ordered rows and
columns

a coefficient is numerically nonzero at this operating/model
point

Two parallel matrix-valued factors can occupy the same block support and be summed by assembly. A dense
c × c factor can produce a clique in the scalar support graph even when the bus-level equipment graph is a
tree. The clique is an algebraic coupling pattern, not a claim that every pair of conductors is a physical line.
Eliminating an internal bus or factor can add new nonzero blocks by Schur-complement fill; it does not create
new source assets.

The complex phasor representation can also be realified for software that expects real arrays. ForY = G+jB,
one common coordinate embedding is

R(Y) =

[
G −B
B G

]
.

Realification doubles coordinates, not buses, conductors, or assets. The block support relation is normally the
same under this embedding, while the scalar real coordinate graph has twice as many coordinate vertices and
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may show a different fine-grained pattern. Say complex-labelled graph or realified coordinate graph, not
“the complex graph” or “the real graph,” unless the coordinate convention is explicitly part of the sentence.

One important invariant does not survive unchanged. Even when Y is complex-transpose-symmetric, R(Y)
is generally not an ordinary symmetric real matrix unless B = 0. Realification preserves the coordinate
relation and its support, but it changes whichmatrix symmetry statement is appropriate; do not silently transfer
reciprocity claims from the complex representation to the realified one.

The four-view bridge in How to read power-network diagrams and equations is the reader-facing summary of
this distinction. Its scoped correspondence is registered as ARCH-BLOCK-001: the witness checks the block
assembly, support projection, and realification of one declared two-bus four-wire factor, while deliberately
treating factor identity as separate provenance rather than inferring it from nonzero matrix entries.

These distinctions also explain why a current-injection solver and a backward–forward sweep can use different
computational views of one declared four-wire model. The former may factor a block nodal operator; the
latter may traverse element-wise impedance relations on a radial view. Neither algorithmic graph replaces the
source factor and terminal semantics.

For reciprocal factors, D may require ∆T = ∆. Adding passivity constraints such as He(Yk) � 0 inter-
sects the affine family with a convex feasible set, but does not generally make it bounded: reactive or other
unconstrained parameter directions can remain unbounded. Bounded ambiguity needs catalog limits, sign
restrictions, measurements, or another coercive guard. Ratings, outage states, investment variables, owners,
and the two-edge line-identity cycle are absent unless retained separately.

This is the central many-to-one result registered as ARCH-NODAL-001. The companion executable witness
constructs two distinct passive reciprocal parallel splits with an identical assembled operator.

When is assembly injective?

Let Θ be the admissible family of typed factor collections and define

S({Yϕ}) =
∑
ϕ

AT
ϕYϕAϕ.

The exact criterion is

S|Θ is injective ⇐⇒ kerS ∩ (Θ−Θ) = {0}.

This criterionmattersmore than a blanket claim that nodal data are or are not recoverable. A practical sufficient
special case is available when:

1. topology, factor types, terminal coordinates, and active state are known;

2. at most one two-terminal factor occupies each unordered junction-block pair;

3. that factor's off-diagonal block uniquely determines its complete local stamp within the declared class;
and

4. after subtracting those stamps, the remaining diagonal residual has a unique decomposition among the
declared shunt and grounding classes.

https://frederikgeth.github.io/multi-graph-book/dev/start/how-to-read-diagrams-and-equations/#how-to-read-diagrams-and-equations
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Then the source primitives are recoverable fromYN within thatmodel class. Familiar line-impedance extraction
is an instance of this support-separated case, not a contradiction of ARCH-NODAL-001.

The principal failures are now named: multiplicity, when parallel or overlapping stamps share support; elim-
ination, when internal coordinates have already been removed; and over-parameterization, when different
factor parameters produce the same terminal stamp. Recoverability from a boundary response can neverthe-
less hold for restricted classes; circular planar critical resistor networks are a major positive theory [15]. The
model class and injectivity proof are therefore part of any recovery claim.

A scoped recovery vocabulary

The inverse question should return a status, not just a matrix. For an observed operator YN and declared
model class Θ, classify the preimage of the restricted assembly map as follows:

The three statuses are:

• identifiable — one admissible source primitive and declared residual decomposition are recovered. A
typical case has known support, one two-terminal factor per block pair, and a unique local stamp map.

• set-identifiable — the terminal primitive is fixed, but internal parameters or construction records re-
main an equivalence class. This is the expected result for an over-parameterized local construction with
the same terminal stamp.

• non-identifiable — distinct source primitives or topologies remain observationally indistinguishable.
Parallel multiplicity and eliminated internal coordinates are the basic examples.

This vocabulary is deliberately relative toΘ. Tightening the class with catalog bounds, switch state, measure-
ments, construction metadata, or grounding declarations can turn a non-identifiable class into an identifiable
one; silently assuming those facts does not. Conversely, a numerically unique optimizer solution is not evi-
dence that the source map is injective.

The recovery contract is therefore:

1. validate the coordinate order, factor class, active state, and admissible parameter domain before at-
tempting inversion;

2. return a unique recovered primitive only for the identifiable class;

3. return a representative together with an explicit equivalence or affine ambiguity for set-identifiable and
non-identifiable classes; and

4. retain the source/provenance record as the authority for asset identity.

The generated experiments/generated/nodal-source-recovery-witness.json exercises all four statuses.
Its support-separated scalar case recovers a series primitive and declared diagonal shunts. Its parallel case
exhibits two distinct member splits with the same operator; its elimination case matches a hidden three-node
chain to a direct two-node boundary factor; and its over-parameterized case fixes the terminal primitive while
leaving two local parameter vectors indistinguishable. These are deliberately finite witnesses, not a claim that
every practical line or transformer belongs to one class.

This scoped classification is registered as ARCH-RECOVERY-001. It turns the warning “do not invert YN canon-
ically” into a usable engineering interface: declare the model class, report the recovery status, and preserve
the ambiguity whenever the data do not identify the source.
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Which guards actually lift the ambiguity?

Extra information should be treated as an additional observation map, not as an informal reason to choose one
reconstruction. IfM records member currents, grounding metadata, state observations, or another declared
measurement, define the augmented map

F(θ) =
(
S(θ),M(θ)

)
.

The same restricted-kernel test applies:

F|Θ is injective ⇐⇒ kerF ∩ (Θ−Θ) = {0}.

Four small cases make the distinction operational:

• Catalog bounds can make a parallel-split ambiguity compact without making it unique. A bounded
interval is still a set of admissible source models.

• Member-current observations can lift parallel ambiguity when the voltage drop is nonzero and each
member current is observed in the same coordinates. The total nodal operator and the member obser-
vations then jointly determine the scalar member admittances in that restricted class.

• Grounding declarations can resolve a diagonal residual only when the declaration identifies the
grounding contribution and its terminal. A finite grounding impedance and an unspecified local shunt
otherwise remain an attribution ambiguity.

• Transformer or switch states must be part of the declared state space. A known tap lets a state-
conditioned primitive be recovered; an unknown tap can trade off against the primitive parameter and
produce multiple state–parameter pairs with the same effective terminal relation.

The generated experiments/generated/nodal-recovery-guards-witness.json records these four out-
comes. Its statuses are deliberatelymore informative than a binary “recoverable” flag: bounded-non-identifiable,
identifiable, identifiable-with-declaration, and identifiable-with-state. The witness is scalar
and finite; it establishes the guard logic, not a general theorem for all multiconductor transformers, nonlinear
grounding, or state-dependent AC models. This extension is registered as ARCH-RECOVERY-002.

Matrix-valued observations need excitation rank

The scalar member-current example does not generalise automatically to a multiconductor factor. For a factor
ℓ with anm×m primitive, voltage snapshots V ∈ Cm×r, and member-current snapshots Iℓ, the observation
equation is

Iℓ = YℓV.

Full primitive recovery from this relation requires rank(V ) = m and observation of every row of Iℓ. In the
square full-rank case, Yℓ = IℓV

−1; more generally the declared experiment must span the retained conductor
space. If r < m, any nonzero admissible ∆ with ∆V = 0 gives the same member currents. If only selected
current rows are observed, a nonzero∆ can instead satisfy P∆V = 0 for the row-selection map P . Reciprocal
symmetry does not remove these directions by itself.
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The generated experiments/generated/multiconductor-recovery-witness.jsonmakes all three cases ex-
plicit: two independent voltage snapshots with complete current vectors recover two reciprocal two-conductor
factors; one complete snapshot leaves a nonzero reciprocal ambiguity; and full-rank snapshots with only one
measured current phase still leave the unmeasured phase ambiguous. This is a linear identifiability wit-
ness, not a claim about nonlinear measurement design, noise, or estimator consistency. It is registered as
ARCH-RECOVERY-003.

Noise changes recovery into a certified uncertainty set

With noisy current snapshots

Iℓ = YℓV + E, ‖E‖F ≤ ε,

the full-rank pseudoinverse estimate Ŷℓ = IℓV
† is an estimator, not an exact source recovery. For square

invertible V (and, with the corresponding qualification, for a full-row-rank snapshot matrix),

‖Ŷℓ − Yℓ‖F ≤ ε ‖V †‖2.

Thus experiment conditioning is part of the recovery certificate. The same noise radius can produce a tight
uncertainty set for well-conditioned voltage snapshots and a much larger set for nearly dependent snapshots.
Physical symmetry or passivity constraints may intersect that set, but they should be reported as additional
guards rather than used to hide the measurement uncertainty.

The generated experiments/generated/noisy-multiconductor-recovery-witness.json compares well-
conditioned and nearly collinear two-conductor voltage snapshots under the same Frobenius noise radius. Both
estimates satisfy the deterministic bound; the ill-conditioned experiment amplifies the bound by more than
two orders of magnitude. This is a finite error certificate, not a statistical consistency or estimator-optimality
result. It is registered as ARCH-RECOVERY-004.

Rank, reference, and grounding

The nodal operator is not automatically invertible. Under the connectivity, common polyphase-coordinate,
and passive-component hypotheses of Kettner and Paolone, a connected shunt-free compound network has
the common-mode nullspace and rank

rank(YN) = (|B| − 1)m.

Under their corresponding grounded/shunted hypotheses, an effective nonzero shunt removes that gauge
freedom and the compound nodal operator is full rank [8]. For several galvanic components, absent references
can contribute separate nullspaces. Ideal devices, singular terminal maps, missing phases, and more general
factors require their own rank analysis.

This is why choose a voltage reference andmodel physical groundingmust remain distinct instructions. Delet-
ing a coordinate to fix a numerical gauge does not add a grounding asset; conversely, a finite grounding
impedance is a physical factor. The running-network numerical export illustrates the conditional case: its
passive 20× 20 operator has reported numerical rank 18 at the declared tolerance, not because every nodal
operator must be singular but because reference and grounding structure remain in that model.
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Is nodal admittance a simple-graph concept?

Not in the physical sense. A nodal admittance matrix is a linear operator on a chosen ordered voltage space.
From it one can derive simple support graphs at several granularities. The graph-loop, shunt, incidence, adja-
cency, and Laplacian conventions used to distinguish those objects are fixed inMultigraphs for expert modelers.

Definition (block support). Given bus blocks YN
ij , define

Gblk
Y = (B, Eblk

Y ), {i, j} ∈ Eblk
Y ⇐⇒ YN

ij 6= 0.

Definition (scalar support). Given retained coordinates C = {(i, p)}, define

Gsc
Y = (C, Esc

Y ), {(i, p), (j, q)} ∈ Esc
Y ⇐⇒ Y N

(i,p),(j,q) 6= 0.

These support graphs are simple by construction: a matrix position is either zero or nonzero. But that does not
make the source network a simple graph. Several factor stamps sum into one position, and their decomposition
is not encoded in matrix support. If an algorithm needs the decomposition, it can use a stamp multigraph
whose identified members are the separate AT

ϕYϕAϕ contributions. That multigraph is extra data; it cannot
generally be recovered from the sum. This separation is registered as ARCH-SUPPORT-001.

The support relation also requires qualifications:

• a dense off-diagonal block can be produced by mutual conductor coupling inside one physical line;

• several contributions can occupy one block, including parallel factors and multi-terminal compilations;

• exact cancellation can make a matrix entry zero even though source factors touch both coordinates;

• a diagonal block combines incident series terms, local shunts, grounding, and possibly several compiled
factors;

• changing coordinates can change scalar support without changing the underlying external relation.

Thus Gblk
Y is often an excellent sparsity and decomposition view, while Gsc

Y exposes within-block coupling.
Neither is an asset register.

Why a radial network can acquire cycles

Gan and Low show that a multiphase radial network can be represented as an equivalent scalar network that is
radial at the macro level but has a clique associated with each line [16]. Their companion multiphase BIM/BFM
work similarly treats each bus–phase pair as a coordinate of an equivalent scalar circuit [17]. The observation
is valuable here because it makes the level distinction impossible to ignore.

For anm-conductor two-terminal factor with a dense 2m× 2m terminal stamp, its scalar support can contain
a clique on the 2m endpoint coordinates. A triangle or larger cycle inside that clique is an algebraic coupling
cycle. It is not evidence that operators can open an alternative physical route, that power is circulating,
or that the bus-level feeder is meshed. If some primitive entries are structurally zero, the clique loses the
corresponding support edges; the matrix pattern, not the word multiconductor, decides the scalar support.

There is also a constructive counterpart. Let the simple bus-level graph be a tree, give every bus the same
m retained coordinates, and suppose each tree edge has one structurally dense two-terminal stamp whose
support is the clique on its two endpoint blocks. Assume the assembled nonzeros do not cancel.

https://frederikgeth.github.io/multi-graph-book/dev/foundations/multigraphs-for-modelers/#multigraphs-for-modelers
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Figure 11.2: A bus-level tree and the cyclic scalar support induced by dense multiconductor line stamps.

Proposition (tree of dense stamps). The resulting scalar support graph is chordal. Eliminating all coordi-
nates of a leaf-bus block and proceeding inward is a perfect elimination ordering and creates zero structural
fill.

Proof. At a leaf bus i with parent j, every later neighbour of a coordinate (i, p) lies in ({i}×P)∪ ({j}×P).
The dense edge stamp makes that set a clique, so (i, p) is simplicial. Eliminating the entire leaf block removes
one leaf from the bus tree and leaves the same construction on a smaller tree. Induction gives a perfect
elimination ordering. A perfect elimination ordering adds no fill.

The line-stamp cliques meet on bus-coordinate separators. Their clique tree is inherited from the bus tree, but
is not literally isomorphic to it in general: a tree with n buses has n− 1 line cliques before any maximal-clique
coalescence. The two-line figure, for example, has two cliques joined through the separator {j/a, j/n}.

This result, registered as ARCH-CHORDAL-001, explains why the cycles are benign for the declared sparse com-
putation and why Gan and Low can exploit chordal structure in multiphase radial OPF. It is conditional: multi-
terminal factors, missing coupling entries, cancellation, or a meshed bus graph can change the support and
its elimination properties.

This produces several useful apparent paradoxes:

These are not contradictions. Each sentence changes the graph without saying so.

Three cycle questions, not one

The cycles and radiality chapter defines the corresponding graph objects in detail. The practical crosswalk is:

A cycle basis computed in one row is not automatically a basis for another. In particular, a parallel pair gives
a two-member cycle in the identified multigraph but one edge in block support, while a dense line stamp can
give many scalar-support cycles without any asset-level cycle.

https://frederikgeth.github.io/multi-graph-book/dev/foundations/cycles-parallelism-radiality/#cycles-parallelism-radiality
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Statement Resolution

a radial feeder has cycles equipment topology can be a tree while conductor-expanded matrix
support contains cliques

two parallel lines become
one edge

their stamps add in one block-support edge; asset identity has been
projected away

one line becomes many
edges

one dense multiconductor factor produces many scalar nonzeros

a transformer creates a
triangle

a clique compilation of one multi-terminal factor creates a support cycle,
not three transformer assets

a new edge appears after
reduction

Kron fill-in is an equivalent boundary coefficient, not a discovered line

a physical relation has no
matrix edge

cancellation, coordinate choice, or eliminated variables can hide the
relation

Cycle question Graph or incidence object What it can support

Is there an alternative route
through identified two-terminal
members?

equipment/bus multigraph switching, outages, member
radiality, line-identity cycle bases

Is there repeated incidence through
conductor junctions and factors?

conductor/port–factor
graph or a declared
compilation

terminal connectivity, factor
decomposition, conductor-resolved
equations

Does the assembled or reduced
operator have cyclic sparsity?

block or scalar
matrix-support graph

chordal decomposition, ordering, fill,
sparse numerical algorithms

Executable projection and elimination witness

The generated experiments/generated/topology-projection-witness.json checks the two central mech-
anisms without relying on a power-flow solver.

• Two distinct reciprocal passive two-conductor splits assemble to a byte-identical 4 × 4 nodal operator.
Both have zero normalized Frobenius assembly error, so the consistency certificate cannot identify the
source attribution. The small negative minimum passivity eigenvalues (approximately−1.4× 10−16 at
worst) are recorded as floating- point roundoff against a 10−12 tolerance.

• A three-bus two-conductor bus-level tree has macro cycle rank zero and scalar structural-support cycle
rank six. The declared leaf-block perfect order produces zero fill, while eliminating the separator block
first produces four fill edges.

The source is experiments/transformations/TopologyProjectionWitness.jl; the focused test is
experiments/test/topology_projection_witness.jl. These finite witnesses test ARCH-NODAL-001,
ARCH-SUPPORT-001, and ARCH-CHORDAL-001; they do not claim that every factor library is passive, identifiable,
or chordal.

Kron reduction adds a fourth source of apparent adjacency

Partition retained boundary coordinatesB and eliminated internal coordinates I . WhenYII is invertible, Kron
reduction gives

ŶBB = YBB −YBIY−1II YIB .
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The Schur-complement term can introduce a nonzero retained block between two boundary nodes that shared
no source factor. This fill edge belongs to the reduced operator support. It does not belong retrospectively to
the source asset or conductor topology. Dörfler and Bullo characterize this graph effect for electrical-network
Kron reduction [18], while the compound polyphase setting requires the relevant block-rank conditions [8].

Any eliminated current, voltage, or limit that still matters to a decision problem must be evaluated through
a recovery map. This includes neutral- conductor current limits: the disappearance of the neutral coordinate
from the retained operator does not remove the conductor's thermal constraint.

Maintain the decomposition; do not promise inversion

The canonical record should retain at least:

• stable asset and factor identities;

• ordered ports, junction attachments, and conductor/terminal maps;

• factor class and full primitive relation or a reproducible construction record;

• active-state, rating, grounding, control, and decision ownership;

• each assembly, compilation, coordinate, and reduction map;

• provenance from every matrix block or generated object back to its source factors;

• recovery maps for eliminated quantities that remain observable or constrained.

For a supplied nodal operator and claimed source decomposition, define each assembled stamp Sϕ =
AT

ϕYϕAϕ and the Frobenius-norm assembly backward error

ηasm =

∥∥∥YN −
∑

ϕ Sϕ

∥∥∥
F

‖YN‖F +
∑

ϕ ‖Sϕ‖F
≤ τasm.

The denominator makes the test dimensionless and remains informative when large stamps nearly cancel; the
all-zero case is handled separately. The certificate must also record the coordinate order, units, states, factor
types, norm, and threshold.

This test verifies assembly consistency, not source attribution. It is invariant under every admissible
regrouping in kerS and is therefore structurally blind to the parallel-split ambiguity established above. Two
decompositions can both achieve zero backward error while assigning different primitives, ratings, or identities
to the members. Attribution requires provenance or independent identifying information.

Recovery fromYN alone is an inverse problem. It is non-identifiable whenever the restricted assembly criterion
above fails. Additional catalog constraints, construction priors, measurements, switch states, or asset records
can narrow the candidate set, but an estimator must report the remaining affine or constrained ambiguity
rather than inventing line identity. The safe engineering objective is therefore:

preserve the two-level source structure through compilation, and validate every derived nodal
operator against it; attempt recovery only as a separately scoped inference problem.

That direction supports both rigorous proofs and practical data standardisation. Power engineers can work
with familiar bus blocks and line triples, while the retained maps make clear which topology, constraints, and
physical meanings survive each transformation.



Part 5: Transformations and recovery
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Chapter 12

Preservation contracts

Page status: foundational definitions; certificate requirements are normative proposals.

Evidence boundary

Scope: observation-indexed feasible-set equivalence and preservation contracts for declared model
classes. Evidence: definitions, linear recovery derivations, and scoped certificate examples. Nu-
merical optimality: certificate examples are not global optimality proofs. Unresolved boundary:
general nonlinear, mixed-integer, uncertainty-aware, or externally reviewed preservation theorems.

Observation precedes equivalence

Let u ∈ U be a fixed admissible input and let FM (u) and F
M̂
(u) be the source and target feasible sets at

that input. Their internal coordinates may differ. Choose joint observation maps into the same observation
space,

OM (x, z, u) = (h1(x, z, u), . . . , hk(x, z, u)), O
M̂
(x̂, u) = (ĥ1(x̂, u), . . . , ĥk(x̂, u)).

Definition (PRESERVE-001). The transformation is exact for these observations and this input domain when

{OM (x, z, u) : (x, z) ∈ FM (u)} =
{
O

M̂
(x̂, u) : x̂ ∈ F

M̂
(u)
}
, u ∈ U .

The joint map retains relationships between observed quantities. Equality of individual observation ranges
is weaker. For example, the sets {(0, 0), (1, 1)} and {(0, 1), (1, 0)} have identical coordinate ranges, yet
maximizing the sum of their coordinates gives 2 and 1. A test of each coordinate separately would miss
that difference. A declared family of maps may replace the single joint map only when it includes the joint
observations needed for the claim.

For a decision problem, include the decisions whose preservation is claimed in the joint observation, and require
the same objective function of those observations (or include objective value as another joint coordinate).
Equal joint feasible images then give equal attainable observed decisions and objective values. Equality of
optimal values does not alone imply the same decisions; existence of an optimizer and source-state recovery
remain separate obligations. If u is itself optimized, rather than supplied as input, its admissible domain and
source/target correspondence must also be preserved. All statements concern the declared feasible models,
not a solver's ability to find their solutions.
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Figure 12.1: Preservation contract card: scope, guards, classification, retained and forgotten meaning, recov-
ery, and evidence.

Decision-model consequence

Matching terminal equations or separate voltage and current ranges does not establish equality of joint
constrained feasible observations. Declare the input domain, jointly observed decisions and quantities,
objective correspondence, and required recovery map.

The card is generated by experiments/render_preservation_contract_card.py. It is a compact reading
aid for the certificate fields below; it is not a replacement for the quantified definition or the machine-readable
schema.

The book now separates four layers that are often collapsed under the word “preservation”: typed structure,
constitutive behaviour, decision semantics, and provenance/ownership. See Transformation semantics and
register for the definitions, closure rules and anti-pattern register. A certificate should be explicit when it
preserves only one of these layers.

Preservation dimensions

A transformation certificate should identify which dimensions it preserves:

Σ = { connectivity, terminal behavior, phase/neutral behavior,
asset identity, limits, switching states, measurements,

protection, spatial provenance, dynamics}.

This is not a binary checklist. Each item needs a precise scope. For example, "terminal behavior" might mean:

https://frederikgeth.github.io/multi-graph-book/dev/foundations/transformation-semantics-register/#transformation-semantics-register
https://frederikgeth.github.io/multi-graph-book/dev/foundations/transformation-semantics-register/#transformation-semantics-register
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• linear phasor behavior at one frequency;

• nonlinear steady-state behavior;

• an impedance function over a frequency interval;

• time-domain behavior for a specified initialization class;

• a scenario-bounded approximation to voltage magnitudes only.

Proposed certificate schema

The field table in this section is a non-normative v1.2 proposal. The machine-checked repository schema
remains version 1.1.0 and deliberately does not yet require an errorbound field or a normalized numerical-
evidence object. Implementations must validate against the versioned JSON schema; the proposal below is a
compatibility target for a future schema revision, not an implicit requirement on current certificates.

Every transformation record should contain:

Field Meaning

source_type, target_type model categories and schema versions
rule_id stable identifier for the rewrite or compiler rule

scope source objects affected
preconditions structural, physical and state assumptions

preserves formal or testable preservation claims
forgets questions no longer answerable

provenance source-to-target and target-to-source object maps
recovery_map reconstruction of eliminated variables where possible

constraint_map exact, conservative or approximate lifting of limits
error_bound (v1.2 proposal) norm, domain and bound for approximate transformations

evidence theorem, derivation, test suite, or external reference

Compact BMOPFTools decision-manifest gate

Cross-repository object PSK-000007 connects the observation-indexed definition above to BMOPFTools contract
decision_preservation_manifest_completeness. The package does not attempt to re-prove the general
equivalence definition. It checks a narrower declaration boundary for version 0.1.0 manifests that explicitly
claim exact decision_equivalence.

Such a manifest must name the transformation, source model, and target model, then give admissible domain,
terminal behavior, observations, constraints, decision variables, objective, and recovery an explicit disposition.
A verified disposition needs an evidence reference; not_required needs a justification. An omitted dimen-
sion creates an evidence gap, while not_preserved or unassessed contradicts the exact decision-equivalence
claim. A terminal-only or conservative claim lies outside the gate and is not treated as a failure.

The minimized package fixture claims exact decision equivalence after citing only a terminal-relation certifi-
cate. The gate rejects that overclaim. Its evidence-complete companion passes only at the manifest layer: the
package has not authenticated the references, checked the constraint or recovery maps, compared feasible
sets or objectives, or established optimizer or solver equivalence. Those remain case-specific scientific and
executable obligations.

The same boundary applies to the compact Kron guardrail. Cross-repository object PSK-000008 connects
the tutorial warning that Kron reduction is an assumption—not a free simplification—to BMOPFTools contract
kron_boundary_recovery_preservation. Its four-wire-to-three-wire check requires perfect grounding of the
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Figure 12.2: Exact, inner, outer, and scenario-approximate observed-set relations.

eliminated neutral at both endpoints, ordered phase coordinates, the neutral Schur complement, and an ex-
plicit recovery declaration. A floating or finite-grounded neutral fails the precondition even when the target
matrix matches numerically; a pass says nothing about internal limits, protection, full feasible sets, objectives,
or solver results.

Exact, conservative, and approximate maps

Operational constraints deserve a classification independent of the equations:

• Exact: reduced and original feasible observable sets coincide.

• Inner/conservative: every reduced feasible point lifts to an original feasible point, possibly excluding
valid original points.

• Outer/relaxed: every original feasible observation is retained, but the reduced model may admit non-
physical points.

• Scenario approximate: accuracy is measured over a specified sample or uncertainty distribution.

A claim that a reduction "preserves limits" is incomplete without identifying which of these meanings applies.

This is the visual version of the classification. The sets are observed sets, not raw internal state spaces: the
observation map h is part of the contract. The 15V point is the scalar parallel-line witness from the first failure
case; it lies in the outer target's extra region and therefore cannot be called a preserved member limit.



CHAPTER 12. PRESERVATION CONTRACTS 77

Figure 12.3: Recovery establishes target-to-source observation inclusion; exact observed-set equality also
requires source coverage.

Recovery maps are first-class

If internal variables are eliminated by a Schur complement, their recovery is often available algebraically. For
a partitioned linear nodal model,

[
iB
iI

]
=

[
YBB YBI

YIB YII

] [
vB
vI

]
,

and iI = 0, the internal voltage is

vI = −Y −1II YIBvB .

A recoverymap that sends every target feasible point to a source feasible point with the same joint observation
establishes ĥ(F̂) ⊆ h(F). Equality also requires the reverse inclusion: every source feasible observation
must be represented in the target. A conservative target can satisfy the recovery obligation while excluding
valid source observations. Checking one returned solution establishes only that point's obligations, not either
set-wide statement. Decision and objective preservation require their declared mappings.

The reduced admittance is

Yred = YBB − YBIY
−1
II YIB .

Kron reduction preserves the selected boundary relation, and is well characterized for loopy Laplacians [18]. It
does not by itself preserve equipment identity, sparsity, protection zones, or individual branch limits. Storing
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the recovery operator permits evaluation of some original quantities without pretending the reduced branches
are physical assets.

Compositionality requirement

A strong preservation framework should be compositional: replacing a subsystem by a certified equivalent
should remain valid when that subsystem is connected to an admissible environment through its declared
ports. The black-box functor for passive linear networks formalizes this principle for terminal current–potential
relations [19].

For power systems, the open problem is to extend this idea to typed conductors, nonlinear devices, discrete
controls, limits, uncertainty, and decision variables without losing useful computational structure.



Chapter 13

Degree-two series elimination

Page status: guarded exact series transformation with positive and negative tests; physical line-class closure
remains open.

This chapter gives the first executable guarded rewrite. It deliberately separates an exact terminal-behaviour
result from the stronger claim that two source assets form one longer homogeneous physical line.

Source and target

Let two multiconductor series elements be oriented as ℓ1ib and ℓ2bj. The ordered conductor coordinates used
by ℓ1 at the internal junction b need not equal the order used by ℓ2. Let P be the permutation satisfying

Iℓ2bj = PIℓ1ib, U(2)
b = PU(1)

b .

The outer terminal order at j is relabelled into the coordinates of ℓ1. The source relations are

Ui −U(1)
b = Zℓ1Iℓ1ib,

U(2)
b −U(2)

j = Zℓ2Iℓ2bj .

If Kirchhoff conservation at b gives the common series current, multiplying the second relation by PT and
adding gives

Ui − PTU(2)
j =

(
Zℓ1 + PTZℓ2P

)
Iℓ1ib.

Hence the exact behavioural composite has

Zℓeq = Zℓ1 + PTZℓ2P.

This is claim TR-SER-001. It is a coordinate-aware terminal equivalence, not a license to add matrices whose
rows merely happen to have the same position. The displayed formula also assumes that the two voltage-
drop relations contain no mutual-impedance terms linking either source element to the other or to an external
element. The coupled case is treated separately below.
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Figure 13.1: The guarded series rewrite: inspect, certify, or reject before lowering.

Guards

The gate is the operational pattern used by the executable rule: a candidate rewrite is accepted only after its
structural, constitutive, decision, and provenance preconditions have been checked.

The source type supplies a precondition before the junction guards are even considered: both factors are
series-only multiconductor elements. A nominal-π or other shunted factor is outside this rule. A shunt car-
ried inside such a factor is not made admissible merely because no separately named shunt object is attached
to b.

The implemented rule accepts the rewrite only when all of the following hold:

Guard Reason

ℓ1 ends and ℓ2 begins at b fixes the declared orientation
conductor labels at b are unique and form the same
set

makes P well defined

no current injection at b establishes a common series current
no shunt or grounding at b prevents current from leaving the series path
no measurement, control, or protection boundary at b keeps elimination within the declared

observation contract
neither element is mutually coupled to the other
source element

makes the displayed uncoupled impedance sum
applicable

neither element is mutually coupled to any external
element

prevents loss of a constitutive relation outside
the pair

A failed guard returns a structured rejection with the failed condition and the source evidence. In the executable
model, mutual coupling is represented by the field SeriesElement.mutualcouplings[otherelementid]: an
element-pair cross-impedance block keyed by the other asset identity. It is deliberately not a JunctionContext
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flag, because the same pairwise constitutive relation may span a junction or extend beyond it. The guard
therefore inspects the source element fields that would invalidate the formula and does not return a best-
effort equivalent.

Constraint and recovery maps

For per-conductor current-feasible sets Cℓ1 and Cℓ2 , the exact target constraint is

Ceq = Cℓ1 ∩ PTCℓ2 .

Independent upper current magnitudes therefore become the coordinate-aligned componentwise minimum,
not their sum. Source quantities recover as

Iℓ1ib = Ieq, Iℓ2bj = PIeq,

U(1)
b = Ui − Zℓ1Ieq.

The generated target retains both member identities and the eliminated-junction identity in its provenance
record.

Why this is not automatically a physical merge

Different construction codes do not invalidate the algebra above. They do invalidate the stronger rewrite into
one instance of a homogeneous physical line class. Even equal codes are only a candidate condition: conduc-
tor material and geometry, frequency basis, line model, rating semantics, splices, maintenance boundaries,
ownership, thermal state, outage state, and other physical facts may still differ.

Graph-theory trap

Degree two is only a structural candidate for elimination. A valid rule must also inspect terminal
coordinates, injections, shunts and grounding, observations, constraints, decisions, and the intended
target equipment class.

This distinction is claim TR-SER-002: closure under behavioural elimination and closure within an equipment
class are different questions.

Anti-patterns: algebra is not a type checker

Three tempting rewrites should be shown as refusals or as explicitly typed compositions:

The safe target for the first row is usually a CompositeSeriesBranch; for the second and third rows it is a typed
multiport retaining the transformer and ground ports. If the target library has no such factor, the transformation
is ill-typed even when a matrix calculation can be performed.

This is also why a nominal-π series merge needs more than the displayed Z matrices. Shunt currents make
the two segment currents different at the intermediate bus, and cascading the sections generally produces a
general two-port rather than a nominal-π section with naively summed parameters.
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Rewrite What can be true Why the physical merge is unsafe

different line
constructions ℓ1 and ℓ2

→ one line

the pure-series terminal
impedance can still be

Z1 + P TZ2P

the target may falsely claim one construction,
one owner, one thermal state or one rating

basis
line + transformer →

line
a fixed cascade can have a
generic two-port relation

turns ratio, vector group, galvanic boundary,
winding limits and controls disappear

external ground +
transformer →

transformer-only

a fixed nodal admittance can
sometimes absorb the branch

neutral-current ownership, earth return,
protection and topology dependence

disappear

Power-system shorthand

Rejecting every heterogeneous series pair would be too strong. The error is silently asserting mem-
bership in a narrower physical line class, or dropping a junction constraint, shunt, grounding branch,
control, rating or provenance boundary without recording it.

Mutual-coupling counterexample

Suppose the two series sections are themselves mutually coupled. In coordinates where their drop relations
contain cross blocks Z12 and Z21, substituting I2 = PI1 gives

Zeq,coupled = Z1 + Z12P + PTZ21 + PTZ2P.

The two cross terms do not disappear merely because b has zero injection. Coupling between adjacent sections
of the same corridor is also not naturally described as external coupling at the junction: it is a constitutive
relation between the two element identities. The implementation therefore stores mutual-coupling blocks
against the other element identity and rejects the local uncoupled rule whenever either an internal-pair or
external-pair block exists. A more general coupled-factor elimination could be exact, but it would be a different
rule with the full coupled block as its source.

The executable negative witness uses two reciprocal two-conductor sections. It compares the displayed uncou-
pled sum with the four-term expression above and records an approximately 11.65% relative Frobenius-norm
error. This is a counterexample to the insufficient guard, not a claim that mutual coupling always produces an
error of that size.

The witness also records the representation boundary explicitly: a junction-only data model cannot express
this case, while the pair-keyed mutual_couplings field can. A coupled-factor elimination would need the full
pair block and a different target interface; silently dropping that field is a semantic loss.

A separate exact rule for a coupled section pair

The cross terms are not merely a reason to weaken the guard. They define a different, narrower rewrite.
TR-SER-003 applies when the two candidate elements are series-only, the junction guards above hold, both
pairwise blocks Z12 and Z21 are declared, and neither element has any mutual-coupling block to a third ele-
ment. No reciprocity assumption is needed by the algebra; if a physical model requires Z21 = ZT12, that is an
additional model-specific guard.

With P aligning the conductor order at b, the target is the terminal-behaviour composite
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Zeq,coupled = Z1 + Z12P + PTZ21 + PTZ2P.

The recovery map remains I1 = Ieq and I2 = PIeq; member current limits therefore map by the same
intersection as in the uncoupled rule. The certificate retains the pair identities and declares that physical
homogeneous-line closure is not asserted. In particular, this rule does not turn a corridor coupling model into
two independent line objects, and it rejects any external coupling that would be left dangling after the rewrite.
It is exact for the declared external terminal voltage/current relation, not a license to erase the internal coupling
semantics.

The executable certificate records this rule alongside the negative witness in experiments/generated/degree-two-series-certificate.json.
The implementation and tests are self-checked; an independent mathematical review of the new rule remains
an explicit review item.

Grounding counterexample

If a grounding or shunt admittance Yg is attached at b, then

Iℓ1ib − PTIℓ2bj = YgU(1)
b .

The currents are no longer a single common series variable. A Schur complement may still eliminate Ub, but
the result is a more general terminal relation and must not be reported as the series rule above. The prototype
therefore rejects this application with junction_has_shunt_or_grounding.

Executable certificate

The package-independent prototype is implemented in experiments/transformations/SeriesElimination.jl.
It returns either a target plus preservation certificate or a structured rejection. The executable case uses a
two-conductor permutation and heterogeneous construction codes:

julia --project=experiments experiments/run_series_elimination.jl
julia --project=experiments experiments/test/runtests.jl

Its machine-readable result is experiments/generated/degree-two-series-certificate.json. The certifi-
cate classifies the result as an exact behavioural reduction, records the permutation and constraint intersec-
tion, and explicitly refuses to call the target a homogeneous physical line. It also records the cross-coupled
negative witness, its four-term exact expression, the failed element-pair guard, and the relative error made by
the uncoupled expression. It conforms to the common interface in Certificate schema and composition, where
the separately certified coordinate normalization is composed with this rule.

https://frederikgeth.github.io/multi-graph-book/dev/transformations/certificate-schema-and-composition/#certificate-schema-composition


Chapter 14

Conductor-coordinate normalization

Page status: guarded exact coordinate transformation with an executable certificate; independent mathe-
matical review remains open.

Conductor order is representation, not physics. It is nevertheless part of the meaning of every vector, matrix,
and componentwise constraint. A rewrite that changes an order without changing all dependent objects is
therefore a model error, not a harmless formatting operation.

Vocabulary bridge

Normalization in this chapter is an invertible rewrite into a declared conductor order. It is not per-unit
conversion, schema normalization, or ML feature scaling. Those operations require their own maps,
units, inverses where applicable, and preservation claims.

Rule

Consider an element ℓij with source conductor order γℓ = (n, a) and a requested order γ̂ℓ = (a, n). Let Pℓ

be the unique permutation for which

x̂ℓij = Pℓxℓij .

Intrinsic element data retain only the element index. In particular, the coordinate-normalized impedance is

Ẑℓ = PℓZℓPT
ℓ,

and a vector of componentwise limits becomes

Îmax
ℓ = PℓImax

ℓ .

The terminal map at j is reordered by preserving each original from–to conductor pairing. Thus a coordinate
position can move, but conductor identity cannot silently change.

84
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Exactness and inverse

A permutation matrix satisfies P−1ℓ = PT
ℓ. Hence every normalized state and every transformed intrinsic

matrix has a unique recovery:

xℓij = PT
ℓx̂ℓij , Zℓ = PT

ℓẐℓPℓ.

The rule is therefore an exact normalization (TR-COORD-001). It forgets no declared source semantics. This
statement depends on permuting every indexed quantity consistently; permuting only Zℓ or only a terminal
list is not the same rule.

Guards and rejection

The executable rule requires:

• unique conductor labels in both orders;

• equal source and requested conductor sets;

• equal arity; and

• preservation of the original paired terminal map.

A missing, duplicated, or new conductor label produces a structured rejection. The implementation does not
guess whether, for example, g and n are interchangeable.

Executable example

For the order reversal used by the running series example,

Pℓ =

[
0 1
1 0

]
.

The rule moves limits (80, 110) A in order (n, a) to (110, 80) A in order (a, n) and permutes both axes of Zℓ.
Run:

julia experiments/test/coordinate_normalization.jl
julia --project=experiments experiments/run_coordinate_series_composition.jl

The machine-readable result is experiments/generated/coordinate-normalization-certificate.json.
The next transformer chapter applies the shared coordinate action to a winding's full terminal-to-coil relation.
The series chapter then composes line-coordinate normalization with degree-two elimination.



Chapter 15

Kron, Ward, and optimized equivalents

Page status: scoped reduction definitions, audited literature synthesis, and a package-independent
Kron/Ward/scenario comparison; independent mathematical review and source-faithful Opti-KRON implemen-
tation remain open.

Evidence boundary

Scope: linear and affine boundary reductions, operating-point Ward-style targets, and small scenario-
approximation witnesses. Evidence: Schur-complement derivations, recovery checks, and package-
independent numerical fixtures. Numerical optimality: scenario probes and local solves do not
establish global nonlinear AC optimality. Unresolved boundary: universal physical realizability,
uncertainty-robust preservation, and external review.

Three different questions

Kron reduction, Ward equivalents, and Opti-KRON are related, but they do not make the samemodelling choice:

Kron: which linear boundary relation results from elimination?

Ward: how is the eliminated external system represented at the boundary?

Opti-KRON: which nodes or clusters should be retained under an error objective?

All three require a declared source model, boundary, injection model, and observation contract. None is inher-
ently an asset-preserving transformation.

Linear Kron reduction

Executable boundary guardrail

The BMOPFTools tutorial docs/src/tutorial_grounding.md makes the key pedagogical point explicit: elimi-
nating a neutral is conditional, not an automatically lossless simplification. The federated object PSK-000008
links that warning to BMOPFTools contract kron_boundary_recovery_preservation. The compact check ac-
cepts a series-only four-wire source and three-wire target, requires perfect neutral grounding at both connection
points, compares the ordered neutral Schur complement, and requires a declared recovery map. A floating or
finite-grounded neutral is a grounding-precondition failure even if the matrices match; a passing check does
not establish internal limits, protection, complete decision equivalence, or solver results. The companion fix-
ture and its grounded target are intended as an executable teaching counterexample, alongside the richer
Kron witnesses below.
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Partition a linear nodal relation into retained boundary variables B and eliminated internal variables I:

[
iB
iI

]
=

[
YBB YBI

YIB YII

] [
vB

vI

]
.

Proposition. If YII is invertible and iI is fixed, then eliminating vI gives the exact affine boundary relation

iB = YKvB + KI iI ,

where

YK = YBB −YBIY−1II YIB , KI = YBIY−1II .

The eliminated voltages are recovered by

vI = Y−1II (iI −YIBvB).

Proof. Solve the internal block equation for vI and substitute it into the boundary block equation.

For zero internal injection this becomes

iB = YKvB .

This is exact equality of a selected linear terminal relation. Schur elimination can create dense coupling among
neighbours of eliminated nodes, and the resulting entries need not correspond to physical lines. Dörfler and
Bullo analyze the graph and loopy-Laplacian properties of this operation [18]. Closure inside a more restrictive
dynamic or device class requires additional physical assumptions [20].

The dashed boundary coupling is a reduced coefficient. It is exact for the retained linear boundary relation,
but it is not by itself a physical asset with recoverable currents, limits, or outage identity.

Kron reduction does not by itself preserve:

• eliminated asset identity or topology;

• internal branch currents and limits unless recovery is retained;

• switching, outage, maintenance, or investment decisions;

• protection and failure dependencies;

• sparsity;

• nonlinear constant-power behaviour over arbitrary operating points.
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Figure 15.1: Kron reduction creates a boundary fill edge.

The Schur complement first produces a reduced multiport relation. Realizing that relation as a permitted
collection of bus–branch devices is a separate synthesis or compilation problem.

Decision-model consequence

Eliminating a neutral voltage does not eliminate the neutral conductor's current rating. If the source
relation gives the neutral branch current as In = AnBvB + AnIvI and Kron recovery gives vI =
Y −1II (iI − YIBvB), then the reduced decision model must retain the recovered constraint |AnBvB +
AnIY

−1
II (iI−YIBvB)| ≤ Īn (or its declared multiconductor norm). The boundary Schur complement

alone is not enough for an OPF, hosting-capacity, protection, or contingency problem that observes
that neutral limit. The constraint may be omitted only when the neutral rating is genuinely outside the
observation set or is proved redundant by a separate certificate.

Typed multiconductor Kron reduction

In the multiconductor case, the symbols B and I denote direct sums of typed terminal-coordinate spaces, not
merely lists of scalar buses. Let

VB =
⊕
k∈B

Cnk , VI =
⊕
k∈I

Cnk .

Each port voltage is first aligned with its junction by its terminal map. IfNq maps the ordered junction voltage
into the ordered coordinates of port q, then

vq = NqUj(q), Ij(q) += NH
q iq.



CHAPTER 15. KRON, WARD, AND OPTIMIZED EQUIVALENTS 89

The conjugate transpose in the current map is the power-dual action: it makes vHq iq agree with the correspond-
ing junction power pairing. The assembled nodal blocks in the preceding section are formed only after these
terminal maps have been applied. Consequently every product YBIY−1II YIB is a typed map VB → VB .

Proposition (typed coordinate-covariant Kron reduction). Suppose the assembled linear multiconductor
relation has YII : VI → VI invertible and the internal injection iI is fixed data, independent of vI . Let TB

and TI be invertible coordinate actions such that T = diag(TB ,TI) respects the retained/internal partition,
with

vB = TB ṽB , vI = TI ṽI , ĩB = TH
B iB , ĩI = TH

I iI .

Then Kron reduction before or after the coordinate change gives the same boundary relation. Specifically,

ỸK = TH
BYKTB ,

and the affine internal-injection term transforms as

K̃I ĩI = TH
BKI iI .

The recovered internal voltage is coordinate consistent:

ṽI = T−1I Y−1II (iI −YIBvB).

Proof. The transformed blocks are

ỸXY = TH
XYXY TY , X, Y ∈ {B, I}.

Using

(TH
IYIITI)

−1 = T−1I Y−1II T−HI

in the transformed Schur complement cancels the internal coordinate maps and leaves TH
BYKTB . The same

substitution proves the affine and recovery identities.

The proposition covers phase permutations and other invertible port-coordinate actions. Per-port block diago-
nality within TB or TI is an additional modelling restriction that keeps the action local to each port; it is not
needed by the covariance proof. A dense action within the retained partition and a dense action within the
internal partition satisfy the same identities. What is excluded is a coordinate map that mixes retained and
internal variables, because then it changes the eliminated/observed partition.

The fixed-injection qualification is load-bearing. If an internal device has a voltage-dependent law, for example
iI(vI) = SI � vI , then KI iI(vI) is not a fixed affine term and the proposition does not provide a voltage-
independent boundary operator. Such a device may still be eliminated with a nonlinear or state-dependent
implicit relation, but that is a different transformation contract.
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A sequence-coordinate statement needs its transform convention declared: with the usual non-unitary Fortes-
cue matrix F, applying the same voltage and current coordinates gives the similarity action F−1YF; the
power-dual convention above gives the congruence action FHYF. These coincide only under additional nor-
malization assumptions. Neither convention justifies dropping a conductor, identifying a neutral with earth,
or aggregating phases: those maps are not invertible coordinate changes and require separate preservation
claims.

Corollary (reciprocity is convention-relative). Kron reduction preserves complex symmetry of a reciprocal
nodal matrix in physical coordinates. A real coordinate congruence T TYT also preserves complex symmetry.
The power-dual action T HYT preserves it when T is real (or under other explicit compatibility conditions),
but not for an arbitrary complex T . Hermitian structure and complex symmetry are distinct properties; the
certificate must record which one is required and which coordinate action is being used. Thus “Kron preserves
reciprocity” and “this complex coordinate representation remains symmetric” are separate claims.

Executable typed fixture

The first package-independent witness is recorded in experiments/generated/typed-kron-witness.json
and certified by experiments/generated/typed-kron-certificate.json. It has three retained two-
conductor ports and one eliminated two-conductor port. The fixture checks the reduced covariance residual,
affine-injection covariance, internal-voltage recovery, and source-current limit evaluation after applying
complex block-diagonal power-dual coordinate actions. It also checks dense actions within the retained
and internal partitions, confirming that per-port block-diagonality is only a locality restriction. The reported
residuals are below 2× 10−15 for the boundary identity and below 7× 10−17 for internal-state recovery; the
fixture records the condition numbers of the internal block and coordinate actions.

The witness evaluates a deliberately different constant-power internal injection at the same recovered vI . Its
current differs materially from the fixed datum, and the affine boundary term changes accordingly. This is a
scope diagnostic: it does not disprove nonlinear elimination, but prevents the fixed-injection affine certificate
from being reused for a voltage- dependent device.

The same artifact records two target-library outcomes. The general reduced multiport is reciprocal but its off-
diagonal conductor blocks are not all individually symmetric, so the direct line–shunt construction is rejected
for that restricted library. A separate admissible full-matrix, block-symmetric line–shunt witness is stamped
exactly, with residual below 10−15, while a diagonal-only line library is rejected. This is deliberately a positive
and negative realizability test, not a claim that every Kron-reduced multiport is a physical bus–branch network.

The same witness now applies a deliberately narrower transformer-library test. In this selected library, each
winding block is required to be diagonal in the declared conductor coordinates and the complete relation
must remain reciprocal. The coupled target above is rejected because at least one winding block is dense; a
companion target obtained by removing those cross-conductor entries is accepted. This is a closure test for a
restricted transformer vocabulary, not an identification of turns ratios, leakage parameters, or grounding data.

Direct running-network line witness

The witness family is split by the question it answers rather than presented as one undifferentiated Kron
example:

The table is the scope summary; the paragraphs below retain the construction details needed to reproduce
each check.

Running-network line and explicit neutral recovery

The canonical running fixture now has a direct typed-Kron check in experiments/generated/running-network-typed-kron-witness.json.
Line l1 is split into two equal four-conductor series sections, with the midpoint retained as the internal block.
Eliminating that midpoint reproduces the original i1–i2 line primitive to below 10−11 and recovers the midpoint
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claims fixture/question what varies what changes not claimed

TR-KRON-NEUTRAL-001 running
four-conductor line

midpoint

retained
midpoint and
neutral limit

recovered neutral current
changes feasibility

physical rating
generality;

nonlinear loads
TR-KRON-NEUTRAL-002 explicit

five-conductor
earth coordinate

neutral–earth
bond and earth

terminal

neutral and earth KCL
currents remain separate

standards-aligned
ground-

ing/protection
TR-KRON-NEUTRAL-003two explicit

grounding points
two bond
locations

both bond-current
observations survive

one aggregate
neutral constraint

TR-KRON-NEUTRAL-004grounding-
impedance
sensitivity

two declared
impedance pairs

neutral current and
feasibility classification

uncertainty
quantification

TR-KRON-NEUTRAL-005 one
state-dependent

bond

endpoint state frozen nominal map leaves
residual; recomputation

restores it

global nonlinear
theorem

TR-KRON-NEUTRAL-006 two
state-dependent

bonds

endpoint state
and two maps

segment currents and
residual change

global continua-
tion/protection

TR-KRON-NEUTRAL-007finite continuation five endpoint
states

neutral-limit margin
changes

adaptive/global
continuation

TR-KRON-NEUTRAL-008local derivative
bound

perturbation
scale

recomputed Jacobian
reduces local error

global error bound

TR-KRON-FIVE-001,
-002

five-bus scalar
pendant/non-
pendant cases

eliminated bus
and retained
boundary

exact recovery;
non-pendant elimination

creates fill

general
multiconductor

closure

voltage (Ui1 + Ui2)/2 to the same tolerance. Terminal order, bus identity, and the four-conductor boundary
are retained explicitly.

The same artifact carries a deliberately tight neutral-limit witness. The four-conductor midpoint is eliminated,
but the recovered neutral current is (−0.0430252 + 0.0197760 i) p.u. on both half-sections. A declared limit
of 0.0426173 p.u. is therefore violated by this boundary point. The test records that the current recovery is
exact and that dropping the neutral constraint would accept a point the source model rejects. This is claim
TR-KRON-NEUTRAL-001.

The companion experiments/generated/neutral-kron-independent-reproduction.json reconstructs the
four-conductor impedance and midpoint recovery with a separate standard-library complex solver. It matches
both half-section neutral currents, reproduces the exact recovery identity, and retains the deliberately violated
limit.

The same witness now includes a midpoint neutral-to-reference shunt probe. The shunt changes the recovered
neutral current from the series-only value, adds a reference-current term to the midpoint KCL, and retains a
separate neutral limit evaluation. Its KCL residual is below 10−11, and the independent reproduction checks
the shunted currents as well as the series case.

Explicit earth coordinate and grounding-parameter sensitivity

The next probe makes the earth-return coordinate explicit rather than treating it as an unnamed reference. In
TR-KRON-NEUTRAL-002, a synthetic five-conductor (a, b, c, n, e) series midpoint retains an earth terminal e and
stamps amidpoint neutral–earth bond. Kron recovery reports separate neutral and earth currents, verifies their
KCL equations with opposite bond-current signs, and evaluates the neutral current limit on the recovered half-
section. The companion experiments/generated/explicit-earth-kron-independent-reproduction.json
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uses a separate standard-library complex solver. Collapsing e into n would erase the observed bond-current
relation.

The same artifact adds a two-grounding-point extension, TR-KRON-NEUTRAL-003. A three-segment five-
conductor chain has explicit internal pointsm1 andm2, each with its own neutral–earth bond. The recovered
segment currents verify separate neutral and earth KCL at both points, and both bond currents remain
observable after the two internal blocks are eliminated. This is the smallest useful warning against replacing
a distributed grounding structure by one aggregate neutral constraint.

Finally, TR-KRON-NEUTRAL-004 holds the topology and terminal order fixed while sweeping four declared pairs
of grounding impedances. The recovered neutral current changes across the cases, and a fixed 0.028 p.u.
neutral limit changes feasibility classification: the structural Kron and KCL checks remain valid, but the decision
observation does not. The generated sweep and its standard-library reproduction therefore separate structure
preservation from parameter-dependent feasible-set preservation. This is a finite sensitivity probe.

State-dependent grounding bonds

The next boundary is local state dependence. In TR-KRON-NEUTRAL-005, the neutral–earth bond current is
defined by an illustrative voltage-dependent law ine = y0(1+αg|Vn−Ve|2)(Vn−Ve). Hereαg is a grounding-
law coefficient, distinct from the served-load decision α used in the parallel-line cases. After an endpoint state
shift, the nominal bond map leaves a nonzero nonlinear residual and a different recovered neutral current; a
local Newton solve with the bond recomputed at the shifted state restores the relation and re-evaluates the
neutral limit. The independent reproduction uses a separate finite-difference Newton implementation.

The distributed version is also exercised locally in TR-KRON-NEUTRAL-006. The three-segment chain has two
voltage-dependent neutral–earth bonds. After the same endpoint shift, freezing both nominal bond maps
leaves a nonzero chain residual and changes the recovered neutral currents on the three segments; a two-
point Newton solve with both maps recomputed restores the local relation. The companion standard-library
reproduction checks the midpoint values and residuals.

TR-KRON-NEUTRAL-007 records a finite endpoint-state continuation of that two-point chain atλ ∈ {0, 0.25, 0.5, 0.75, 1}.
Each state is solved with both nonlinear bond maps recomputed; the five nonlinear residuals remain small and
the fixed 0.05 p.u. neutral limit changes classification along the path. Reusing the nominal map fails away
from λ = 0. The independent reproduction checks every continuation row. This is a finite local path.

TR-KRON-NEUTRAL-008 adds a local derivative certificate for the same illustrative voltage-dependent neutral–
earth bond law. At a declared base state, the analytic real Jacobian is compared with the frozen nominal
coefficient after a state shift. The frozen map leaves a nonzero residual, whereas the recomputed Jacobian
gives the smaller local linearisation error; the error decreases as the declared step is reduced. The generated
experiments/generated/nonlinear-grounding-local-bound-witness.json records the Jacobian, residu-
als, step scales, and interpretation. This is a local Taylor/conditioning check.

Five-bus scalar reductions

The five-bus companion experiments/generated/five-bus-typed-kron-witness.json covers the scalar
pendant case directly. Eliminating bus m through its sole incident line u gives the same retained Y -bus as
deleting that leaf line from the graph, and the recovered boundary current matches the full nodal relation to
machine precision. This is claim TR-KRON-FIVE-001.

The same witness also eliminates the non-pendant bus ℓ while retaining i, j, k,m. Boundary-current recovery
remains exact, but the Schur complement creates retained support on j − m and k − m. These are fill
edges: they are couplings in the reduced relation, not automatically new physical lines. The recovered u-
branch current is exact as well, but a deliberately tight declared u-limit is violated by the recorded state. This
is claim TR-KRON-FIVE-002 and is the small scalar analogue of the ordering, fill-in, and retained-constraint
consequences discussed later in the numerical chapter.
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Realizability is a second theorem

The reduced matrix always defines a general linear factor on the retained ports. It need not define a conven-
tional collection of lines. Realizability is therefore relative to a target device library.

Power-system shorthand

A nonzero off-diagonal block in a reduced admittance is a boundary coupling, not automatically a
physical line. Any line–shunt realization is a second construction whose asset meaning, limits, states,
and provenance must be declared separately.

For a useful baseline, suppose all retained junctions use the same ordered c-conductor coordinates and the
target library permits:

1. one reciprocal full-matrix series primitive between any pair of retained junctions; and

2. one full-matrix shunt primitive at every retained junction.

Write the reduced admittance in c× c blocks YK
pq .

Proposition (direct line–shunt realization). If every off-diagonal block obeys

YK
pq = YK

qp = (YK
pq)

T,

then the reduced relation has the exact complete-graph realization

Ys
pq = −YK

pq, Ysh
p = YK

pp −
∑
q ̸=p

Ys
pq.

Proof. A reciprocal series primitive contributes−Ys
pq to both off-diagonal blocks andYs

pq to both correspond-
ing diagonal blocks. Summing all pairwise stamps reproduces every off-diagonal block. The residual shunt
definition then reproduces each diagonal block. Thus the proposition is an exact stamping identity in a library
that permits full c× c reciprocal blocks; it is not a claim that a smaller physical line library is closed under Kron
reduction. For N retained junctions the construction usesN(N − 1)/2 pairwise series blocks plus N shunts.

This is an algebraic realization, not yet a physical line realization. A passive line–shunt library imposes addi-
tional conditions such as

He(Ys
pq) � 0, He(Ysh

p ) � 0,

along with its reciprocity, frequency, grounding, and parameterization rules. A restricted diagonal or sequence-
decoupled library imposes stronger closure conditions. Ideal-transformer terminal maps can realize a broader
class of off-diagonal blocks, but then transformer ratios, winding coordinates, grounding, and provenance
become part of the target certificate. If none of these libraries closes, retaining YK as one general multiport
factor is still exact.

Internal current and limit recovery is yet another layer. If a source branch current has the affine form
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Iℓ = AℓBvB + AℓIvI ,

substitution of the voltage recovery map gives an exact affine boundary map for Iℓ. Keeping that map permits
source limits to be checked; discarding it does not make limits on artificial reduced branches equivalent.

Fixed versus state-dependent equivalents

The finite continuation and nonlinear grounding witnesses make a second boundary explicit: a Ward or
Kron map calibrated at one operating point is not automatically reusable when load, grounding, or another
state parameter moves. Cross-repository object PSK-000010 links this distinction to BMOPFTools contract
state_dependent_equivalent_provenance. The compact package check requires a shared parameter, non-
singleton domain, aligned base state, and an update-rule identifier; a frozen target is reported as provenance
loss rather than promoted to a global equivalent. This declaration gate does not validate the update law or
prove decision, protection, or solver equivalence.

Ward equivalents

The affine term

KI iI

shows what a network equivalent must do when the eliminated region has nonzero injections. A Ward-type
equivalent combines the reduced boundary admittance with equivalent boundary injections, shunts, or sources
intended to represent the external system in a power-flow study. Ward's original construction explicitly approx-
imates suppressed loads and generation as constant currents, retains the tie terminals, replaces the eliminated
network by a boundary mesh, and places equivalent injections at those terminals [21].

For a linear fixed-current source model, the affine relation above is exact. For a constant-power AC model,
however,

iI(vI) = (SI � vI)
∗
,

where � denotes componentwise division. The internal injection is then voltage dependent, so replacing it
by a fixed boundary source is not a global exact reduction of the nonlinear feasible relation. Its validity must
instead be tied to an operating point, linearization, iteration, or scenario domain.

The term extended Ward is not just another name for that base construction. Monticelli and coauthors build
an external equivalent for static security from a single estimated operating state, address boundary-bus des-
ignation, and discuss treatment of external shunts and generator-outage studies [22]. A Ward–PV construction
instead retains external generator buses after load-node elimination; the reduced Ward–PV model then aggre-
gates selected coherent generator groups [23]. These targets preserve different state and control structure.

The resulting source taxonomy is:

• classical Ward: constant-current approximation followed by external-bus elimination and boundary-
mesh/injection realization;

• operating-state extended Ward: a base-state-calibrated external equivalent with extra boundary,
shunt, and contingency treatment;
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• Ward–PV: retention of selected generator/PV structure before any subsequent coherent aggregation;

• nonlinear or iterative Ward-type methods: later constructions that update or fit the boundary
source model over operating points and must state their own domain.

These are historically related, notmathematically interchangeable. In particular, the exact affine result for fixed
currents does not make a base-state-calibrated AC equivalent globally exact for constant-power or voltage-
controlled devices.

Opti-KRON

Opti-KRON adds a structural selection problem around a Kron-based electrical reduction. An assignment matrix
maps original nodes to retained supernodes; the selection trades the degree of reduction against reproduction
error for declared voltage observations and operating scenarios. The three-phase work also constrains phase
availability and connectivity [24]. A related extension identifies nodes to restore so that the final reduced
network recovers radiality [25].

It is useful to factor the method conceptually as

optimized structural assignment+ Kron-based electrical reduction+ scenario observation metric.

The Schur-complement step can be exact for its retained linear boundary relation while the supernode repre-
sentation of eliminated voltages is approximate. The combined method is therefore not classified simply as
exact Kron reduction. Its certificate must record at least:

• the retained-node and assignment decision spaces;

• phase and connectivity guards;

• the operating scenarios used to evaluate voltage error;

• the voltage observation norm and bound;

• any radiality restoration;

• the source injections and controls represented in those scenarios;

• whether source constraints and decisions can be recovered.

Low voltage error over a scenario set does not alone prove equality of AC OPF feasible sets, active limits,
discrete decisions, or objective values. Those are additional observation families requiring their own evidence.

Decision-model consequence

Scenario voltage accuracy answers one observation question. It is not a surrogate theorem for feasi-
bility, active-limit, objective, or discrete decision accuracy.
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Classification in the book's transformation language

The classification depends on the complete construction, not on whether its name contains Kron:

• Zero-injection linear Kron: from a linear nodal or multiport relation to its boundary relation. This is
exact behavioural reduction; physical realization and internal constraints are not automatic.

• Fixed-current affine Kron: from a linear relation with fixed internal injections to an affine boundary
relation. This is exact behavioural reduction for that source model, not for arbitrary voltage-dependent
injections.

• Ward equivalent: from an external-system study model to a boundary network with equivalent injec-
tions. It may be exact, local, or approximate depending on the injection model; there is no assumed
universal definition across Ward variants.

• Opti-KRON: from scenario data and a candidate topology to a selected reduced network. This is mixed
structural optimization and scenario approximation; general decision equivalence is not automatic.

• Radiality restoration: from a nonradial reduced topology to one with selected nodes restored. This is
structural postprocessing under its stated rule, not electrical or decision equivalence by itself.

These distinctions place each method relative to a preservation contract before relating it to the book's local
rewrite rules.

Relation to local transformations

The guarded degree-two series rule is a special zero-injection elimination for which the reduced relation re-
mains inside a declared series-element family. A star–mesh transformation is another local Schur-complement
realization. Parallel primitive summation is different: it combines factors sharing a boundary but eliminates
no bus. Redundant-limit removal is different again: it is exact presolve on the constraints while the physical
members remain.

This separation prevents every operation involving a smaller network from being called Kron reduction.

Open research boundary

Executable comparison: exact, operating-point, and scenario-selected

The comparison artifact experiments/generated/kron-ward-scenario-comparison.json uses four declared
scenarios and a shared observation contract for three targets. It records boundary voltage and current, recov-
ered internal voltage and current, the source-current constraint margin, and the scenario objective together
with the selected structural decision. This prevents a sparse candidate from looking successful merely be-
cause its boundary-current error was reported without the state, constraint, or decision quantities that the
study actually uses.

The selection is intentionally small and transparent. It demonstrates the classification boundary rather than
reproducing a particular published Opti-KRON implementation: the target candidates and penalty are declared
in the artifact, and the selected target is judged on the same observation family as the alternatives. The result
is claim TR-KRON-002 and does not establish global AC feasibility, objective, or control preservation.

The fixture now also exposes the boundary-support distinction directly. An extended Ward support target
retains the same base-calibrated reduced admittance and fixed base injection, but supplies the explicit support
term

∆isupport
B = KI(iI − ibase

I ).



CHAPTER 15. KRON, WARD, AND OPTIMIZED EQUIVALENTS 97

Target Construction Result in the fixture

exact Kron recompute the affine boundary relation for each
fixed internal injection

exact for every declared scenario

operating-
point Ward

retain the exact reduced admittance but freeze
the boundary injection at the base scenario

exact at the base point; relative current
errors of about 1.5–3.3% off base

Opti-
KRON-
style
target

select full, banded, or diagonal retained
couplings using an explicit scenario error plus

sparsity penalty

selects the banded target; this is
scenario approximation, not decision

equivalence

For the declared fixed-current linear fixture this support term makes the target exact at every scenario, and its
off-base norm is nonzero. That result does not make the construction a globally exact AC Ward equivalent: it
records the additional boundary quantity that must be available, and the source model under which it is valid.
The generated comparison records these rows under extended_ward_rows alongside the operating-point rows.

Certified approximation chain

The next artifact composes the approximation vocabulary into a decision test. In the same one-state fixture,
the Ward target freezes the internal injection at the base scenario. For a scenario injection mismatch δiI =
ibase
I − iI , the exact linear maps give

δiI 7−→ Y −1II δiI 7−→ KIδiI 7−→ m = L− ‖̂iB‖,

where the middle term bounds recovered-state error, the next term bounds boundary-current error, andm is
the approximate current-limit margin. A declared error bound e yields the same three-way test used in the
numerical consequences chapter: m > e is certified feasible, m < −e is certified violated, and |m| ≤ e is
ambiguous.

The generated witness experiments/generated/certified-approximation-witness.json reports this
chain for all four scenarios:

Scenario Approximate margin Error bound Classification

base −0.09535 0 certified violated
high-load 0.02203 0.03430 ambiguous

low-voltage 0.12026 0.03028 certified feasible
internal-outage proxy −0.07692 0.07498 certified violated

This is claim TR-KRON-003. The normwise bound is exact for the declared one-state linear fixture, so it demon-
strates composition of the machinery, not a general nonlinear or uncertainty-aware certification theorem. In
particular, the high-load row is intentionally ambiguous even though the nominal Ward point satisfies the limit:
the error interval crosses the decision boundary.

Scoped nonlinear AC probe

The generated nonlinear-ward-witness.json takes one deliberately small step toward the AC case. Its
eliminated state has a constant-power injection, so the internal current is iI(vI) = S/vI and the exact state is
found with a damped Newton solve. The Ward target still freezes the base internal current. For each scenario
the witness reports the nonlinear residual at the Ward state, a local inverse-Jacobian estimate, the direct
boundary-current error, and the resulting local decision classification:
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Scenario Local result What it demonstrates

base locally certified
feasible

calibration is exact at the base point

small
shift

locally certified
feasible

the local estimate dominates the observed boundary-current error

large shift local-bound ambiguous nonlinear residual and the error interval grow away from
calibration

This is an exploratory numerical witness, not a theorem. The inverse-Jacobian estimate is local, depends
on the chosen Newton solution, and does not certify global AC feasibility, bifurcation behaviour, parameter
uncertainty, or KKT preservation. A solver-exported Jacobian/KKT comparison remains a separate roadmap
item.

The current evidence leaves four implementation questions open:

1. executable realizability tests for selected line, shunt, transformer, and general-factor libraries;

2. recovery and constraint maps for internal currents, powers, and losses;

3. an executable small example comparing exact Kron, a Ward operating-point equivalent, and an Opti-
KRON-style scenario approximation;

4. a decision experiment measuring feasibility, active constraints, and objective error in addition to voltage
error;

5. extension of the certified-approximation chain to nonlinear AC residuals, uncertain parameters, and an
independently derived error analysis beyond this scoped probe.
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Chapter 16

Parallel AC decision case

Page status: guarded multiconductor decision case with executable redundancy certificates; general state-
dependent classification remains open.

This is the multiconductor specialization of the canonical parallel-member failure in the first scalar counterex-
ample. That chapter owns the general warning: an aggregate terminal relation does not automatically preserve
member-constrained decisions. The present chapter adds coupling, complex voltages, and AC power balance
without restating that warning as a separate modelling claim.

The scalar parallel example shows the feasible-set mechanism with almost no algebra. This case retains
complex conductor voltages, mutual impedance, phase-to-neutral power, voltage bounds, and nonlinear AC
power balance. Its purpose is to test whether the same representation failure changes an AC decision optimum.

The grid explains why the later cases are not repetitions of the scalar example. Coupling, explicit neutrals,
end shunts, two-end observations, and control decisions are added deliberately; the evidence obligation grows
with the model rather than being hidden behind a larger diagram.

Source model

Two buses i and j have ordered conductor set (a, n). The sending voltage is fixed at

Ui = (1, 0)T p.u.

and two parallel members satisfy

Iℓij = Yℓ(Ui −Uj), ℓ ∈ {1, 2}.

The full, coupled series impedances are

Zℓ1 =

[
0.04 + 0.08j 0.01 + 0.02j
0.01 + 0.02j 0.04 + 0.08j

]
, Zℓ2 = 10Zℓ1 .

Every member and conductor has limit |Iℓij,c| ≤ 0.6 p.u. Receiving-end conservation requires

∑
ℓ

Iℓij,a +
∑
ℓ

Iℓij,n = 0.
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Figure 16.1: Escalation grid for the parallel-member and transformer worked cases.

The decision α ≥ 0 scales a constant-power direction across phase and neutral:

Sj = α(1 + 0.2j) = (Uj,a − Uj,n)

(∑
ℓ

Iℓij,a

)∗
.

The phase-to-neutral voltage magnitude is restricted to [0.70, 1.05] p.u., and the objective maximizes α.

Four formulations

The source formulation retains each Iℓij as a variable and enforces everymember limit. Thenaive aggregate
uses

Yeq = Yℓ1 + Yℓ2

and assigns each aggregate conductor the summed limit 1.2 p.u. The exact lifted aggregate uses the same
aggregate terminal relation but recovers
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Figure 16.2: Parallel-member aggregation preserves a terminal relation, but exact decision pruning needs a
recovered member-current map and a proved implication.

Figure 16.3: The phase-a recovered-current bound and candidate rating share one scale; artifact-derived bars
compare exact-pruned and naive served fractions.
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Iℓij = Yℓ(Ui −Uj)

inside the target model and applies the original 0.6 p.u. limits.

The exact pruned aggregate first observes that Zℓ2 = 10Zℓ1 , and hence

Yℓ2 = 0.1Yℓ1 , Iℓ2ij = 0.1Iℓ1ij .

Because themembers have equal componentwise limits, every ℓ2 current circle is implied by the corresponding
ℓ1 circle. The formulation therefore keeps both recovery maps but enforces only the certified nonredundant ℓ1
limits. This is the multiconductor proportional special case of the constraint-pruning idea; it does not assume
that the general scalar quadratic test in [1] automatically extends to arbitrary matrix-valued conductor models.

General linear-current containment test

The proportional proof is now implemented as a special case of a reusable linear-current certificate. LetAr map
the stacked complex endpoint voltages to a retained current group, and let Ac define a candidate constraint.
For any complex matrix A, define its realification

R(A) =

[
<(A) −=(A)
=(A) <(A)

]
and the normalized quadratic form

Q(A, Imax) =
R(A)TR(A)

(Imax)2
.

The retained constraint implies the candidate constraint exactly when

Q(Ar, I
max
r )−Q(Ac, I

max
c ) � 0.

To see this, write the constraints as xTQrx ≤ 1 and xTQcx ≤ 1. Positive-semidefinite dominance gives
the forward implication immediately. Conversely, homogeneity lets any x with xTQrx > 0 be scaled to the
retained boundary; directions in the nullspace can be scaled without bound and therefore must also lie in the
candidate nullspace. Thus implication requires xTQcx ≤ xTQrx for every x. The argument includes singular
cylinders, not only bounded ellipsoids.

For componentwise multiconductor limits, the implementation applies this test to every aligned conductor at
both terminal ends. A non-proportional test uses different row factors, 0.2 and 0.4, so the member admittance
matrices are not scalar multiples even though every candidate current circle is certifiably implied. A second
test is safe at ij and unsafe at ji and is correctly rejected. This establishes claim TR-PAR-005.

The test is necessary and sufficient for each individual centered Euclidean norm implication. The current
member-level algorithm is only a pairwise certificate: it does not yet detect a constraint implied jointly by
several other limits, nor does it cover affine offsets, non-Euclidean thermal regions, or decision-dependent
line, tap, outage, and switching states.
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Formulation Served
fraction

Receiving voltage
magnitude

Largest recovered member
current

Variables /
constraints

source
members

0.6138908 0.9485579 0.6000000 13 / 19

naive
aggregate

1.0630833 0.9034471 1.0909091 5 / 9

exact lifted 0.6138908 0.9485579 0.6000000 5 / 11
exact pruned 0.6138908 0.9485579 0.6000000 5 / 9

Results

The naive target serves about 73% more load than the source by violating the stronger member's current
limit. The exact lifted formulation reproduces the source optimum while using the aggregate current relation
and eight fewer real current variables in this implementation (four fewer complex member currents). This is
claim TR-PAR-004. The exact pruned formulation has the same variable and constraint counts as the naive
target but the source optimum: model size alone therefore does not establish fidelity.

Solver-independent check

For the chosen proportional matrices, a phase-to-neutral current sees loop impedances

zℓ = Zℓ,aa + Zℓ,nn − Zℓ,an − Zℓ,na.

The equivalent loop impedance is z = 0.05454545 + 0.10909091j p.u. If C is the limiting total-current
magnitude, s = 1 + 0.2j, and v is the receiving voltage magnitude, then

1 = v2 + 2Cv
<(z)<(s) + =(z)=(s)

|s|
+ |z|2C2, α =

Cv

|s|
.

The source member limit gives C = 0.66 p.u.; the summed aggregate gives C = 1.2 p.u. The served-power
derivative on the high-voltage branch remains positive at both limits, so each current cap is binding. The
positive quadratic roots reproduce both Ipopt objectives to better than 10−7. These are values on the traced
high-voltage branch: Ipopt supplies local solves here, not a global-optimality certificate. The exact pruning
conclusion also relies on the deliberately exact proportionality Zℓ2 = 10Zℓ1 ; near-proportional data require
the general quadratic-containment test.

Scope and reproducibility

This is a deliberately minimal nonlinear AC case, not a three-phase benchmark. It includes conductor coupling
and an explicit return path, but uses proportional member matrices and one scalable load direction so that a
closed form check remains possible. Its proportional current map supplies a complete redundancy proof for this
example. The non-proportional three-phase four-wire case is the next extension: it breaks proportionality inside
the solved decision problem, adds all three phases plus neutral, certifies joint componentwise implication, and
cross-checks the line primitives with BMOPFTools.

Run:

https://frederikgeth.github.io/multi-graph-book/dev/cases/four-wire-parallel-ac-decision/#four-wire-parallel-ac-case
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julia --project=experiments experiments/run_multiconductor_parallel_ac.jl
julia --project=experiments experiments/test/multiconductor_parallel_ac.jl

The generated AC certificate contains all four solutions, the proportional cross-check, the two-end quadratic-
containment certificate, recovered member currents, model sizes, residuals, and closed-form differences.
An automated independent re-derivation reproduces the reported figures and the binding constraint interpreta-
tion; it is not human peer review. The generic checker is in experiments/transformations/MulticonductorFlowLimitRedundancy.jl.



Chapter 17

Transformer tap decision case

Page status: solver-backed transformer-control case with independent local reproduction; broader control
and global-optimality claims remain open.

The fixed-voltage witness in the previous chapter proves that evaluating a tap start value can remove the best
decision. This case takes the next step: the tap-dependent 11-terminal transformer factor is stamped into
nonlinear network voltage and power-balance equations and solved with JuMP and Ipopt.

Its result is deliberately different from the preceding fixed-boundary witness: that witness minimises a
transformer-local leakage-current metric at a prescribed boundary voltage and selects 1.05. Here the tap
is embedded in a network decision that maximises served load subject to AC voltage, KCL, and recovered
leakage-current constraints, and the boundary voltages are variables. The network objective therefore
selects 0.95. The examples are complementary objective/boundary-condition cases, not contradictory tap
recommendations.

Figure 17.1: The optimal tap belongs to the decision problem, not the transformer: the same finite tap domain
gives different choices under different embeddings.
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The example deliberately retains the running transformer's WYE/WYE/DELTA structure. It is not a balanced
positive-sequence transformer surrogate.

Network embedding

Transformer x1 has winding set Kx1 = {1, 2, 3}. Winding 1 is a balanced three-phase slack with an explicit
neutral voltage. Winding 2 is a four-terminal WYE load bus. Its phase-to-neutral voltage is

Vx1,2,p = Ux1,2,p − Ux1,2,n, p ∈ {a, b, c}.

The scalar decision tx1,2 retains the contract domain {0.95, 1.00, 1.05}. At a selected value, TR-XFMR-005
evaluates the complete terminal and lifted leakage-current maps

Iterm
x1

= Yx1(tx1,2)Ux1 , Iw,leak
x1

= Mleak
x1

(tx1,2)Ux1 .

Currents are positive into the transformer factor. A balanced constant-power load has per-phase direction
0.50 + 0.10j MVA and served fraction α ≥ 0. Phase power balance is therefore

−Vx1,2,p

(
Iterm
x1,2,p

)∗
= α(0.50 + 0.10j) MVA.

The winding-2 neutral is not silently grounded or eliminated. Its KCL equation is

∑
c∈{a,b,c,n}

Iterm
x1,2,c = 0.

All three phase-to-neutral magnitudes remain in [0.90, 1.05] p.u., and all nine original leakage-path limits are
recovered and enforced:

∣∣∣Iw,leak
x1,k,c

∣∣∣ ≤ Imax
x1,k,c, k ∈ Kx1 .

Open delta tertiary and its gauge

Winding 3 is an open delta. Its three terminal currents are zero, but the terminal-to-ground voltage common
mode is not physically observable by the delta incidence. The implementation imposes two independent
complex KCL rows; the third follows from their sum. It then fixes

∑
p∈{a,b,c}

Ux1,3,p = 0

only as a voltage-reference gauge. This does not add a grounding branch or change any line-to-line voltage.
Separating the coordinate gauge from physical grounding is essential in a multiconductor model.
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Exact discrete enumeration

The finite-domain problem is solved by enumeration. For each declared tap, the direct source contract and the
parameterized target each produce a 15-variable, 30-constraint continuous nonlinear subproblem. The target
does not relax, interpolate, round, or freeze the tap. Selection occurs only after all three tap-conditioned
subproblems have been solved.

Tap tx1,2 Served fraction α Served MW Winding-2 voltage (p.u.) Largest leakage loading

0.95 1.2305865 1.845880 1.0291923 1.0000000
1.00 1.1704739 1.755711 0.9789174 1.0000000
1.05 1.1159504 1.673926 0.9333170 1.0000000

The direct source and parameterized target agree at every tap to the reported solver tolerance and both select
tx1,2 = 0.95. The binding constraints are the three 2200 A winding-2 leakage-current limits; the voltage
bounds remain slack.

Freezing the tap at its 1.00 start reduces the served fraction by 0.0601126. With three 0.50 MW phase direc-
tions, that is a served-load loss of 0.090169 MW. This is a network decision error, not merely a change in a
transformer-local current metric.

What the certificate establishes

Certificate TR-XFMR-006 has two distinct layers of evidence:

1. algebraically, direct source evaluation and parameterized factor evaluation stamp the same terminal
admittance and leakage-current recovery map at each retained tap;

2. numerically, the corresponding nonlinear AC subproblems return the same states, constraint activity,
objectives, and selected tap to the recorded tolerances.

The first layer establishes exact compilation of the network equations. The second is reproducible evidence
for this nonconvex example; an Ipopt local termination status is not a general global-optimality proof.

Maximum recorded residuals are below 10−7 A for winding-2 neutral KCL and open-tertiary KCL, and below
10−8 MVA for phase power balance. The delta common-mode gauge residual is below 10−8 p.u.

Independent numerical reproduction

TR-XFMR-007 reproduces the decision with a separate numerical engine. After receiving the same certified
transformer matrices and case data, this engine uses only linear-algebra operations; it does not construct a
JuMP model or call an external optimizer.

For fixed tap t and served fraction α, the seven unknown complex terminal voltages become fourteen normal-
ized rectangular coordinates x. The independent residual stacks

ρ(z) =

[
<(z)
=(z)

]
, rt(x, α) =



ρ(∆Sa)
ρ(∆Sb)
ρ(∆Sc)
ρ(∆In)
ρ(Ix1,3,a)
ρ(Ix1,3,b)
ρ(∆U0

3 )


∈ R14,
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where ∆Sp is phase-power mismatch, ∆In is winding-2 neutral KCL mismatch, and ∆U0
3 is the open-delta

common-mode gauge residual. Nonzero residual blocks are scaled by fixed MVA, current, or voltage bases;
the scaling is invertible and does not change their zero set.

A central finite-difference Jacobian and damped Newton iteration solve rt = 0. Continuation begins at the
direct linear no-load solution and increases α along the high-voltage branch. The search must observe a
feasible point followed by a converged infeasible point before it may bisect an upper boundary. This guard is
tested explicitly: a truncated scan and a case with no feasible voltage interval both return structured rejections.

Tap Independent α JuMP/Ipopt α Difference

0.95 1.2305865268 1.2305865271 −2.90× 10−10

1.00 1.1704738807 1.1704738810 −3.14× 10−10

1.05 1.1159503676 1.1159503679 −2.74× 10−10

Bothmethods select tx1,2 = 0.95. Across all positions, the largest secondary-voltage difference is 1.94×10−12
p.u. and the largest leakage-current difference is 5.18×10−7 A. The independent boundary states have scaled
equality residuals below 5.6× 10−11.

This reproduction changes the nonlinear algorithm and optimization machinery, but it deliberately shares the
certified input matrices and case assembly. It is therefore an independent numerical check, not an independent
data-model or transformer-primitive implementation. Continuation also certifies only the traced high-voltage
branch under the recorded bracketing assumptions; it is not a general global-optimality method for nonconvex
AC problems.
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Run:

julia --project=experiments experiments/run_transformer_tap_ac_decision.jl
julia --project=experiments experiments/test/transformer_tap_ac_decision.jl
julia --project=experiments experiments/run_transformer_tap_ac_independent_reproduction.jl
julia --project=experiments experiments/test/transformer_tap_ac_independent_reproduction.jl

Boundary and next controls

This first solver-backed case uses one ganged scalar magnitude tap, a finite domain, a balanced load direction,
and tap-independent leakage, excitation, and internal grounding. It does not yet cover phase-angle regulation,
independent phase taps, mechanically coupled tap decisions, automatic deadbands, or tap-dependent loss
parameters in this full 11-terminal network.

The scoped companion artifact experiments/generated/transformer-control-family-witness.json now
checks the control-domain boundary without overstating solver evidence. It shows that scalar magnitude,
phase-angle, independent-phase, mechanically coupled, and automatic-deadband controls can all compile
pointwise when the same typed control map is retained. It also shows that a tap-dependent loss parameter
must be evaluated at the retained tap: freezing it at the base tap leaves a nonzero off-tap residual. Each de-
clared map also has a small JuMP/Ipopt feasibility probe, establishing executable solver-backed control-domain
evidence. The phase-angle and tap-dependent-loss maps additionally run through a two-bus AC served-current
network probe, while independent-phase and mechanically coupled maps run through a three-phase uncou-
pled probe. The report therefore crosses the control/network boundary without presenting these fixtures as a
full neutral-coupled unbalanced network OPF. Richer multiwinding domains remain open; the four-wire probe
now records mutual impedance, neutral displacement, and return-current KCL explicitly, but does not replace
a full multiwinding network case.

The same certificate now includes a two-scenario switching-cost ledger. It enumerates all (3^2=9) ordered
tap pairs, evaluates the two locally solved AC scenario objectives, subtracts the declared switching cost, and
records the selected pair. This is branch-complete for the declared finite pair domain; it is not a global certificate
for the continuous nonconvex subproblems. The certificate also sweeps five switching-cost values. For this
fixture the selected pair remains ((0.95,0.95)) throughout the tested range, which is a reported stability result—
not an assumption that the policy is cost-invariant in other scenarios. It also records the positive intersections
of the affine branch objectives, so potential policy changes can be inspected analytically before choosing a
cost sweep.

The companion TR-XFMR-008 ledger keeps the same 11-terminal transformer but changes the second scenario
by phase: its three constant-power directions aremultiplied by the explicitly recorded vector (1.08, 0.91, 1.04).
All nine ordered tap pairs are still enumerated, and the scenario directions remain attached to their phase
identities. This is the useful distinction between a phase-selective unbalanced scenario and a scalar stress
factor: the former cannot be represented faithfully by silently rescaling one aggregate load. The result is
finite, local solver-backed evidence; it does not claim global optimality or a general unbalanced multiwinding
theorem.

The finite path extension TR-XFMR-009 evaluates three phase-selective scenarios, using the explicitly recorded
scales (1, 1, 1), (1.02, 0.98, 1.01), and (0.99, 1.03, 0.98), and enumerates all 33 = 27 ordered tap triples. Its
objective is the sum of the three locally solved served fractions minus a declared cost on tap movement
between consecutive scenarios. This makes the temporal/control semantics explicit without pretending that a
two-scenario ledger is a general multi-period OPF. The branch ledger is complete for this finite path domain;
continuous global optimality, operation-count limits, and richer topology decisions remain open. The separate
finite-difference reproduction also traces the nine scenario/tap boundaries and selects the same 27-branch
path, with a recorded maximum net-objective difference below 10−8.
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TR-XFMR-010 adds an explicit operation policy: at most one tap movement is allowed across the two scenario
transitions. The ledger still enumerates all 27 triples before filtering, leaving 15 admissible branches. This
ordering matters—filtering first would hide the distinction between the full decision domain and the policy-
constrained feasible set.



Chapter 18

BIM/BFM: shared coordinates and member
constraints

Page status: literature-informed formulation case; the equations illustrate scope boundaries and are not a
new executable certificate.

The notes by Geth and Liu provide a compact warning about expressive notation. They study BIM and BFM
second-order-cone formulations for parallel lines and Π-sections with ideal transformers and shunts [26]. The
case illustrates how member identities and consistency relations affect what a formulation establishes.

This is a notation-capability plate, not a new numerical certificate. It makes the scope boundary visible before
the equations are interpreted as a theorem.

Figure 18.1: A variable-signature capability matrix shows which member-level questions shared voltage coor-
dinates can express when member data and constraints are retained.
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The branch identity is part of the variable signature

For the following displayed identities, assume fixed scalar series-only branches with no shunts or transformer
taps. Consider two parallel branches ℓij and kij. Their impedances are Zℓ and Zk and their series flows are
Sℓij and Skij . A BIM representation can use one bus-pair cross-productWij = UiU

∗
j and write

Sℓij = Y ∗ℓ (Wi −Wij), Skij = Y ∗k (Wi −Wij).

The sharedWij expresses that bothmembers see the same endpoint voltage product. In a BFM representation,
each branch may instead retain its own lifted current Lℓ and Lk. The two variable spaces have different
coordinates and different relaxation geometry. They are not equivalent merely because both are described as
“the branch-flow model for the same network.”

For parallel members, the missing consistency relation can be written as

Z∗ℓ Sℓij = Z∗kSkij .

Without it, independently chosen branch flows can satisfy the balance equations while failing to arise from one
common voltage drop. Adding the relation is a formulation repair, not a graph transformation.

Shared voltage coordinates do not remove member-specific constraints. WritingWi = |Ui|2 andWj = |Uj |2
in the exact lifted model gives

|Iℓij |2 = |Yℓ|2 (Wi +Wj − 2<(Wij)) .

Each retained member can therefore have its own current limit using the same voltage products. Member
identity must remain in the parameters, constraint indexing, and recovery relations; it need not appear on
every voltage variable. The same principle extends to fixed linear terminal-current maps, with the appropriate
coefficients for taps and shunts.

Decision-model consequence

Sharing physical voltage coordinates is compatible with separate member limits. Discarding member
data or constraints is a different operation. IntroducingWℓij with equality constraints may be a redun-
dant reformulation; allowing independent values can change a relaxation. The variable index alone
does not establish equivalence or its failure.

For switching or outages, retain the state variables and conditional member laws as well. The fixed-state
identity above does not establish preservation of those decision domains.

Terminal power is not series power

For a nominal-Π member, distinguish the series current from the current seen at each terminal:

Itot
ℓij =

Isℓij + Ish
ℓij

T ∗ℓij
, Itot

ℓji = Isℓji + Ish
ℓji.
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Consequently,

Stot
ℓij = Ui(I

tot
ℓij )
∗, Ss

ℓij =
Ui

Tℓij
(Isℓij)

∗.

An apparent-power limit placed at the terminal therefore constrains the total current, including shunt current
and the ideal-transformer scaling. A limit on the series impedance current is a different observation. In a lossy
branch, there is no single conserved scalar called “the flow on the edge.”

Implied current limits and relaxations

If a terminal apparent-power limit is |Stot| ≤ Smax and |Ui| ≥ Umin
i > 0, then

|Itot
ℓij | ≤

Smax

Umin
i

.

This is a valid implied current bound. In the exact AC model it cannot tighten the feasible set beyond the
original apparent-power limit, but in a relaxation it can bind first and strengthen the relaxation. The distinction
is important: an implied constraint is not a new nameplate rating, and a relaxation proof is not automatically
a physical-network proof.

Four common overclaims

Tempting statement What is actually established

“BIM and BFM are equivalent
for this parallel network.”

Only after the variable correspondence and parallel-consistency
constraints are stated; otherwise the relaxations may be incomparable.

“The branch has a current
limit.”

Which current: series, sending terminal, receiving terminal, conductor
total, or a recovered winding current?

“We can use one edge for
the two lines.”

The aggregate terminal relation may be preserved, but member identity
and member limits require a recovery map or a certified projection.

“The proof covers the
power-flow model.”

It may cover only a fixed-parameter SOC relaxation, a selected projection,
or a numerical test family.

The paper’s two-bus examples make these differences visible without a large network. They complement the
book’s multiconductor parallel cases: the latter focus on terminal-current recovery and feasible-set preserva-
tion, while this case focuses on variable signatures, Π-section bound semantics and the boundary between
physical and relaxation-level equivalence.

House notation for the book

The book will use the BMOPFTools-style convention consistently:

• ℓij is a stored oriented arc, not a claim about operating power flow;

• ℓ identifies the physical/model member;

• symmetric intrinsic parameters such as Zℓ carry only the member index;

• directional quantities such as Iℓij and Sℓij carry the full arc triple;
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• total-terminal and series quantities receive distinct superscripts;

• a shared bus-pair quantity such as Wij is used only when the theorem declares the sharing relation
explicitly.

This is an expressive-notational rule: the symbols needed to state a constraint must be represented by its
variables, indexed data, constraints, and recovery relations. A physical quantity may be derived rather than
an independent variable.



Part 7: Evidence for a computation
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Chapter 19

Numerical consequences

Page status: generated structural, linearized, symbolic KKT, and package-level solver-diagnostics crosswalk
witnesses; solver-internal nonlinear exports remain future work.

A graph choice is also a numerical choice

Two representations can describe the same declared electrical behaviour while producing very different nu-
merical problems. A quotient may reduce the number of variables but worsen scaling; a Kron reduction may
preserve a boundary relation but introduce dense couplings; a factor model may expose physical structure
while a bus–branch compiler produces a smaller, more familiar Jacobian. These are computational conse-
quences, not afterthoughts.

The relevant comparison is therefore not only

same terminal map?

but also

same feasible observations, with what conditioning, sparsity, and recovery cost?

The statements below concern a declared operating point, coordinate system, and solver tolerance. They do
not claim that one representation is uniformly better.

The federated PSK-000011 guardmakes one practical boundary executable: reference_singularity_validation
compares mapped connected-island reference incidence and rank declarations before accepting a transformed
model. A successful import or solver termination is not an independent certificate of full rank. The package
pass remains declaration-level evidence; equation, Jacobian, conditioning, and solver-specific checks still
belong to the study.

Vocabulary bridge

Electrical loss is power absorbed by a device model. Information loss is a failure of recovery under a
representation map. An optimization or ML loss is an objective function. The shared word does not
make these quantities comparable, and reducing one need not reduce either of the others.
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Scaling and conditioning

Let a linearized or linear subproblem be

Ax = b.

Changing units or terminal coordinates is represented by nonsingular maps x = Dxx̃ and b = Dbb̃. The
coefficient matrix becomes

Ã = D−1b ADx.

The coordinate map bijectively relates the two solution sets. For nonsingular A and an induced matrix norm,
the condition number can change:

κ(Ã) = ‖D−1b ADx‖‖D−1x A−1Db‖.

This is why per-unit coordinates are a numerical convention as well as a reporting convention. A declared base
scales voltage, current, power, and impedance together; it does not erase poor physical conditioning, singular
topology, or an omitted conductor. A coordinate transformation is safe to call an exact rewrite only when its
inverse and its power-dual action are retained, as in the coordinate-transformation chapter.

Circuit-theory trap

A dimensionless or per-unit matrix is not automatically well conditioned. The conditioning claim must
name the norm, the bases, and the operating domain. A small residual in badly scaled coordinates can
coexist with a large error in a physical voltage, current, or decision.

For a computed solution x̂ define the residual r = b−Ax̂. A backward-error measure is, for example,

η(x̂) =
‖r‖

‖A‖ ‖x̂‖+ ‖b‖ .

For nonsingular A, nonzero exact solution x, and the same vector norm and its induced matrix norm through-
out, put θ = κ(A)η(x̂). If θ < 1, an explicit bound is

‖x̂− x‖
‖x‖

≤ 2θ

1− θ
.

To see the factor of two, use x̂ − x = −A−1r and ‖b‖ ≤ ‖A‖‖x‖. The relative error δ then satisfies δ ≤
θ(2+ δ). This bound concerns the stated linear system; it does not certify a nonlinear solution or the physical
input data. The LAPACK error-analysis discussion also distinguishes normwise and componentwise backward
error. Record both residual/backward-error information and conditioning, with their norms and scaling, rather
than relying only on solver termination.

https://frederikgeth.github.io/multi-graph-book/dev/transformations/circuit-coordinate-transformations/#circuit-coordinate-transformations
https://www.netlib.org/lapack/lug/node81.html
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Choose a model against a constraint margin

The parallel-member lesson derives an exact aggregate for fixed data. Now suppose the total nonnegative
current J is prescribed, both members are rated 100 A, the second conductance is 1 S, and the first is known
only to lie in [8, 12] S. The nominal first conductance is 10 S. These are declared interval assumptions for a
resistive teaching case, not measured equipment uncertainty or a probability model.

For conductance g expressed numerically in siemens, current division is

I1(J, g) =
g

g + 1
J, I2(J, g) =

1

g + 1
J.

Compare three choices: solve the two nominal member relations; use their exact nominal aggregate cap of
110 A with recovery; or require both member limits for every conductance in the interval. The first two describe
the same nominal feasible set. Neither settles the uncertain-data question.

Because I1 increases with g and I2 decreases, their worst values occur at opposite interval endpoints. Thus
the exact robust cap in this local model is

J ≤ min{100(13/12), 100(9)} = 325/3 A.

At 99 A, the nominal first-member current is 90 A; the worst member current is 1188/13 A, leaving 112/13 A of
margin. At 109 A, the nominal model still accepts, but the worst member current is 1308/13 A and exceeds its
rating by 8/13 A. The same uncertainty that was harmless for the first decision changes the second decision's
feasibility classification.

A precise nominal computation cannot remove an uncertain input. Compare the possible observation error
with the source constraint margin. Here the nominal aggregate is defensible for a stated nominal question;
the interval requirement needs the robust cap. This is a proof over the full declared interval using monotonicity,
not a claim based only on sampled scenarios. Other coupled or nonlinear models need their own worst-case
argument.

python3 experiments/lessons/model_choice.py
python3 experiments/lessons/model_choice.py --check
python3 experiments/lessons/model_choice.py --benchmark

The first two commands use rational arithmetic. The optional local timing comparison uses floating-point arith-
metic for nominal explicit, nominal aggregate, and interval-robust evaluations. Each measured call includes
its cap/current calculation, limit checks, and current recovery; imports and I/O are excluded. It reports the
median of seven batches of 10,000 calls. This is a tiny algebraic microbenchmark with no PF solver: use it to
learn to count recovery work, not to rank network formulations. Timings are printed for the actual machine
and are not stored as universal performance evidence.

Transfer exercise. Narrow the interval to [9, 11] S. Derive the new robust cap and decide whether 109 A is
admissible. The cap is 1200/11 A, so it is admissible under this interval. State which changed assumption
made that conclusion possible. Do not report it as evidence for the original [8, 12] S interval.

Jacobians: physical topology is not matrix sparsity

For a nonlinear decision model F (y, u) = 0, Newton or interior-point methods use a Jacobian such as
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J =
∂F

∂y
.

The physical graph predicts some nonzeros, but the Jacobian graph is a graph of variable–equation dependence.
A single multi-terminal factor can create a dense block between all of its ports. A nominal-π element can
couple endpoint voltages through series terms and endpoint currents through shunts. Constraint rows for
limits, controls, and recovery variables add edges that have no corresponding physical line. Conversely, a
physical asset may be absent from a particular Jacobian block when its state is fixed or its equation has been
eliminated.

Write Gphys for a chosen physical incidence graph and GJ for the bipartite Jacobian graph. In general there
is no equality Gphys = GJ . The useful statement is a declared dependency map

δ : (factor, terminal, constraint) 7−→ (equation rows, variables),

from whichGJ is generated. This map is the numerical analogue of source provenance: it explains why a fill-in
or a dense block exists.

The five-bus structural witness makes the distinction concrete. Its source has seven line identities but only
six edges after simple projection because q and r are parallel. Eliminating j then adds the i–l fill edge to the
projected pattern. The fill argument and the dependency argument are shown separately so that a reader
does not confuse a Schur-complement edge with a numerical derivative. The conceptual pair now appears in
the formulation and lowering chapter; this chapter retains the executed witnesses and their fixture-specific
counts.

The data and checks are recorded in experiments/generated/numerical-structure-witness.json; the ren-
derer is experiments/generate_numerical_structure_views.py. This separation is intentional: both struc-
tural views can be checked without pretending that either is a solver-exported Jacobian.

Fill is not inevitable. The two-level topology chapter proves a positive structural case: dense two-terminal
conductor stamps over a bus-level tree form a chordal scalar-support graph, and eliminating leaf-bus coordi-
nate blocks inward is a perfect elimination order with zero symbolic fill. The warning here concerns arbitrary
orderings, meshes, reductions, and factor libraries; it should not hide structure that a declared model makes
exploitable.

The numerical witness now carries a crosswalk to experiments/generated/five-bus-typed-kron-witness.json.
That crosswalk uses the non-pendant ℓ elimination, whose fill edges are j−m and k−m, and records the small
boundary residual together with the recovered u-branch limit observation. This ties the Schur-complement ex-
ample to the numerical-structure discussion without conflating fill edges with physical assets or solver-private
factorization output.

A pinned numerical export

The running fixture provides a second, numerical witness through BMOPFTools' passive and constant-Z lin-
earized Y -bus exporters. In the exporter's node order, the passive matrix has 20 rows and 166 nonzeros.
The constant-Z linearized matrix agrees with that passive matrix for this fixture. Realifying the complex cur-
rent relation gives a 40-by-40 real matrix with 664 nonzeros. This is a coordinate embedding, not a promise
that every complex invariant is preserved: the complex Ybus is transpose-symmetric to numerical precision,
whereas the realified current-Jacobian embedding has a large transpose residual. That residual is expected for
a nonzero imaginary part: the block matrixR(Y ) with diagonal blocks <Y and off-diagonal blocks −=Y and
=Y is generally not symmetric. This is not a round-off failure. Realification preserves the coordinate support
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Figure 19.1: Generated passive Ybus and realified current-Jacobian patterns.

and the current relation, but symmetry claims must be stated in the representation in which they are checked
(the witness residual is approximately 448.79):

[
<I
=I

]
=

[
<Y −=Y
=Y <Y

] [
<V
=V

]
.

The ordinary 2-norm condition estimates are approximately 2.49×1017 (unscaled) and 2.36×1016 (after simple
row/column equilibration). Because both matrices are numerically rank deficient (rank 18 of 20 at the witness
tolerance), those finite values should not be read as meaningful condition numbers: they are dominated by
singular values below the modelling tolerance. The witness therefore also reports the rank-aware effective
estimates κeff = σ1/σ18 and its equilibrated counterpart. These are diagnostic, not universal constants: they
depend on units, scaling, norm, rank tolerance, and the chosen fixture. Pure row and column permutations
preserve singular values, so they preserve the exact 2-norm condition number and a ratio of the same selected
singular values. Ordering can change sparse-factorization fill, pivoting behavior, runtime, and floating-point
estimation details; these are algorithmic effects, not a change in the exact spectral condition number. For this
export the effective estimates are approximately 6.50× 108 and 1.13× 107 after equilibration. A solver must
account for reference and grounding structure rather than treating any of these numbers as a graph invariant.

The complete export, including node order, nonzero entries, checks, and the linearization convention, is
recorded in experiments/generated/ybus-jacobian-witness.json. Its generator and renderer are:

experiments/run_ybus_jacobian_witness.jl
experiments/render_ybus_jacobian_view.py

This is a pinned linear current/Jacobian witness; it is not yet a nonlinear OPF KKT Jacobian or an independent-
solver comparison.
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Figure 19.2: Nonlinear source and aggregate KKT sparsity and fill witness.

Nonlinear decision Jacobian and KKT fill

The next witness adds the nonlinear term that makes the parallel-line warning decision relevant. For a fixed
complex endpoint voltage U and member currents I1, I2, the residual includes

S(U, I1, I2)− αS0 = U(I1 + I2)
∗ − αS0.

The source formulation retains two explicit current laws and two current vectors. The aggregate formulation
replaces them by one summed current law. At the recorded operating point both residuals are exactly zero,
but their finite-difference Jacobians and KKT patterns differ:

For avoidance of a common counting error, the source witness has two complex member-current coordinates,
represented as four real variables, in addition to the three retained real coordinates. It therefore has seven
real source variables; the aggregate witness has five real variables. The reduction removes two real vari-
ables (one complex current), not eight. The source KKT system has 13 rows and columns because it adds six
residual/constraint multipliers; that KKT dimension is a different count from the number of primal variables.

formulation residual Jacobian KKT dimension natural fill constraints-first fill

two explicit members 6× 7 (26 nonzeros) 13 15 21
summed member current 4× 5 (16 nonzeros) 9 6 10

The fill counts are symbolic graph counts, not floating-point factorization times. They show why an ordering
is part of a numerical certificate: the same KKT graph has different fill under different elimination orders. The
source and aggregate models also have different graphs, so a smaller KKT system does not by itself establish
decision equivalence.

The complete finite-difference and symbolic-fill artifact is experiments/generated/nonlinear-kkt-witness.json,
regenerated by experiments/run_nonlinear_kkt_witness.jl and experiments/render_nonlinear_kkt_view.py.
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It is deliberately labelled a nonlinear decision witness rather than a solver-internal Ipopt KKT export. A
package-level crosswalk now binds it to the BMOPFTools Ybus witness, while actual solver-internal factoriza-
tion diagnostics remain a separate boundary.

Package-level diagnostics crosswalk

The generated solver-diagnostics-crosswalk.json composes the two witnesses without pretending that
either is a production solver export. It retains the physical node/terminal order, the BMOPFTools passive and
constant-Z Ybus, the realified current Jacobian, the finite-difference nonlinear residual Jacobian, and the sym-
bolic KKT graph under two declared orders. In the source formulation, for example, the natural and constraints-
first orders produce different fill counts, so the crosswalk records ordering as part of the diagnostic identity.

The crosswalk also exercises the public BMOPFTools.opf_checked_kkt_factorization callback on a staged
OPF context. The probe accepts a regular matrix and rejects a near-singular one. This is a checked callback
boundary. A minimal parameterized OPF now passes that callback through DiffOpt: the forward sensitivity
agrees with a central finite difference to the recorded tolerance, and the KKT diagnostic is accepted. The
adapter also captures the matrix passed to the callback, recording its dimension and nonzero count, alongside
the JuMP variable and constraint order used to account for its rows and columns. Four additional callback rows
remain outside that declared JuMP block, so they are retained as an explicit DiffOpt/solver-internal boundary
rather than silently assigned a physical label. The crosswalk still records solver_internal_kkt_export =
false because solver-provided row labels, scaling, linear-solver choice, pivot or inertia data, and factorization
statistics are not yet exported as a source/target comparison.

The same witness records BMOPFTools' differentiability report: inequality counts, active, near-active, weakly-
active, and violated labels, minimum inactive slack, and qualifications. In this deliberately unconstrained
fixture the inequality count is zero. The report's ready flag is state provenance for the selected local solve,
not a proof of LICQ, strict complementarity, second-order sufficiency, global optimality, or branch stability.

The crosswalk now also builds a regular JuMP mirror and records its native affine/quadratic variable-support
count alongside a separate JuMP.NLPEvaluator view. This gives an executable constraint-row/nonzero sum-
mary for the model-level derivative graph (23 supported variable entries in the current 19-row fixture), while
leaving native_nlp_export_is_solver_internal = false: it is not Ipopt's private KKT ordering, pivoting,
inertia, or factorization export.

For a deliberately narrow parallel-line fixture, the crosswalk also compares a two-member source against a
single 0.25 Ω equivalent member. The tested voltage sensitivity is preserved, while the captured KKT matrix
grows for the explicit source. The native JuMP support count changes as well, so the distinction is visible
before any solver-private factorization. This is evidence that an exact electrical scalar equivalent can still
change solver structure; it is not a general AC or multiconductor reduction certificate.

Numerical evidence boundary

The three numerical artifacts answer different questions and should not be collapsed into one solver claim:

An actual solver diagnostic would need to bind the exported derivative rows and columns to the source/target
variable order, record scaling and tolerances, identify the linear solver and ordering, and retain the factoriza-
tion or inertia report. Until that export exists, the chapter's KKT language is a symbolic comparison, not an
implementation claim about a production solver.

Elimination and fill-in

Partition a sparse matrix by retained variables B and eliminated variables I . The Schur complement is

S = ABB −ABIA−1II AIB .
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Artifact What is measured What it does not establish

structural
witness

incidence, dependency, and symbolic fill edges numerical derivative values or solver
performance

Ybus/Jacobian
witness

pinned passive and constant-Z matrix
patterns, rank, and conditioning diagnostics

nonlinear OPF sensitivities, active-set
stability, or factorization timings

nonlinear
KKT

witness

finite-difference residual structure and
symbolic fill under two declared orders

Ipopt's internal derivative graph,
linear-solver pivoting, or global optimality

solver-
diagnostics
crosswalk

shared node/order provenance, a checked-KKT
callback probe, a DiffOpt sensitivity

cross-check, and JuMP ordering metadata

an exported source/target solver KKT
comparison, solver-native row labels, or

ordering/factorization metadata

Even when A is sparse, S can be dense on the neighbours of I . In the symbolic graph, eliminating a vertex
connects its remaining neighbours into a clique. The extra nonzeros are fill-in. The same mechanism appears
in Kron reduction: preserving a boundary relation does not preserve sparsity, asset identity, or the cost of a
subsequent solve.

The order of elimination matters. For a fixed matrix, two orders can have the same exact Schur complement
but different intermediate fill, memory use, and factorization time. A certificate that reports a reduction should
therefore record at least:

numerical field required meaning

ordering symbolic elimination or factorization order
nnz_input, nnz_factor, nnz_fill structural nonzero counts under that order

rank_guard rank/invertibility test for eliminated blocks
conditioning estimate for the retained and eliminated solves
recovery_cost work/storage needed to reconstruct omitted variables

These fields are properties of a compiled numerical problem, not of a simple graph in isolation.

Solver behaviour and decision margins

For a constrained decision problem, solver behaviour is part of the evidence but not the preservation theorem.
A reduced model may converge faster because it has fewer variables, or slower because it has denser and
more ill-conditioned blocks. A feasible point can also be numerically ambiguous when a constraint margin is
comparable with the estimated forward error.

A termination label such as LOCALLY_SOLVED or OPTIMAL records what the algorithm reports under a particular
solver interface and tolerance. It is not an independent recomputation of the returned primal point. A scien-
tific use of that result must separately name and check the relevant evidence: finite numeric values, model
equations, declared bounds, device and network residuals, recovery obligations, and the level of optimality
actually supported. Missing checks remain missing even when the status string sounds successful.

This separation also works in the other direction. A status that does not claim feasibility is not evidence that
a candidate primal point passed an independent validator, and a narrowly validated primal point does not
upgrade a local solver result into a global optimum. Status, primal validation, and optimality evidence are
distinct fields of a solution certificate.

For a scalar inequality gk(y, u) ≤ 0, define the signed margin

mk = −gk(ŷ, û).
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If ek is a declared bound or estimate for the error in that constraint, classify the result as:

certified feasible mk > ek,
numerically ambiguous |mk| ≤ ek,
certified violated mk < −ek.

This is deliberately stronger than reporting gk ≤ 0 at printed precision. The same classification applies to
decision comparisons: if two objectives or tap choices differ by less than the propagated numerical error, the
certificate should not claim a unique optimum.

Decision-model consequence

A reduction that preserves a boundary voltage to tolerance may still change the active member limit,
the selected switch state, or the winning discrete decision. Record the decisionmargin and the recovery
error for every claimed decision-preservation result.

What a transformation certificate should expose

The numerical fields extend the general preservation contract:

N = (coordinates, scaling, κ, η, dependency graph, ordering, fill, recovery cost, decision margins).

An exact electrical map may therefore be computationally unattractive, while an approximate map may be
useful if its error and decision domain are explicit. The running network's six generated views should eventually
carry this record alongside their source maps; the current fixture records the source maps and solver outcomes
but does not yet claim a complete cross-solver conditioning study.

Scope and open work

This chapter gives definitions and reporting requirements, not a universal solver benchmark. The next exe-
cutable tranche should compare the running multiconductor network and its five-bus quotient under a pinned
ordering and coordinate convention, report Y /Jacobian sparsity and fill-in, and test whether recovered current
and rating margins remain decisive after reduction.



Chapter 20

Australian construction reproduction

Page status: source-backed Carson/OpenDSSDirect reproduction; overhead and underground reference ma-
trices remain independently compared outputs, and the CS1035 construction mapping is explicitly unresolved.

This case is a provenance check, not a transcription of the matrices already stored in the source repository.
We lift the construction data that is available in the ImpedanceModels.jl line-library history, regenerate the
multiconductor primitive with BMOPFTools' Carson implementation, and then solve a small four-wire OpenDSS
circuit with OpenDSSDirect.jl.

What is lifted

The reproducible input record is experiments/data/australian_source_inputs.toml. It records the source
commit, the 50 Hz modified-Carson setting, and the construction fields:

• the Pluto overhead wire diameter, AC resistance, four conductor positions, and 0.2 km length;

• the available UGHV 185 Al PILC four-wire construction fixture, its wire diameter and AC resistance, its
four positions, and 0.1 km length.

The generated line code is assembled in memory from those fields. No rmatrix, xmatrix, or cmatrix from an
existing .dss case is used to construct the model. Each OpenDSS load explicitly sets vminpu=0 and vmaxpu=2,
so the reproduction does not inherit a hidden load-model voltage clamp.

The companion register experiments/data/australian_source_audit.toml keeps provenance judgements
separate from those inputs. Each case records whether a field is lifted, derived, inferred, or unresolved, to-
gether with machine-readable finding codes. In particular, the overhead 60 Hz/order alignment is an inference
from the probe, not a statement found in the source file; the underground CS1035mapping remains unresolved.

The generated artifact also carries the versioned power-network-impedance contract from experiments/data/impedance_contract_schema.toml.
It requires ordered terminals, series and shunt blocks, units, ampacity limits, grounding assumptions, source
lineage, named derived views, and findings. The validator is deliberately small: it checks that a record is
structurally safe to exchange, while the audit register carries the domain-specific judgements that no generic
schema can infer.

What is compared, but not used

The files under data/opendss/Australian_overhead and data/opendss/Australian_underground contain
derived reference matrices. We parse those matrices after the new solve and report the maximum complex-
series error in the generated artifact experiments/generated/australian-carson-reproduction.json. The
artifact marks these matrices with matrix_used_as_input = false.
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Figure 20.1: A generated guarded-result plate makes the Carson claim, discharged guards, residual, cross-
check, and open item visible without replacing the certificate.

The overhead source geometry in the line-library history regenerates a series matrix with approximatelyRll =
0.21735Ω/km and Xll = 0.73853Ω/km. The Australian Z_{abcn} reference file instead has approximately
0.22722+j0.87933Ω/km on its diagonal. A frequency/order probe resolves this apparent mismatch: at 60 Hz,
and with the source conductor order [4, 1, 2, 3] rather than the lifted primitive order [1, 2, 3, 4], the maximum
complex-series error falls to about 4.3 × 10−5 Ω/km. The generated artifact retains the source-backed 50
Hz result as its primary comparison and records this 60 Hz/order diagnosis separately; the reference file itself
does not declare that frequency in the available source data.

The underground CS1035 file is handled more cautiously. Its active 4-by-4 matrix is available for comparison,
but the source repository does not provide the raw cable construction mapping for that case. Changing the
Carson probe from 50 Hz to 60 Hz does not reduce the mismatch (the maximum error increases slightly), so
frequency is not a sufficient explanation. We therefore label the UGHV construction as an explicit fixture, keep
the CS1035 matrix independent, and leave the mapping as an open data task.

The source StandardLinecodes.dss also warns that the underground geometry's negative physical heights
cannot be passed directly to OpenDSS; the reproduction uses the documented positive reference-plane con-
vention and records that choice in the construction code rather than silently treating it as a measured cable
depth.

Reproduce

From the repository root:

julia --project=experiments experiments/run_australian_carson_reproduction.jl

The JSON records the construction inputs, generated series and capacitance matrices, OpenDSS commands,
convergence diagnostics, bus voltages, losses, the independent-reference comparison, and a status for each
cross-check. A second LinearAlgebra-only constant-power solve agrees with OpenDSS on all rows when voltage
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Figure 20.2: The overhead mismatch is reconciled by frequency and conductor-order probes, while the inde-
pendent CS1035 matrix remains outside the reproduced model.

and line losses are compared (the voltage error is below 10−6 V and the line-loss error below 10−3 VA in the
current fixture). OpenDSS Circuit.Losses() reports the line-element loss but not the separately modelled
grounding-reactor loss; the artifact therefore keeps both line-loss and total-loss comparisons. The embedded
OpenDSS engine is left at its stable 60 Hz default; the Carson primitive follows the 50 Hz source-library setting.
This distinction is explicit in the artifact rather than hidden behind a text-level set frequency command, which
is unstable in the current OpenDSSDirect release.

The underground fixture also includes low and high grounding-impedance rows. They keep the construction
and load row fixed while changing only the grounding factor, making the neutral-voltage and grounding-loss
sensitivity observable rather than an implicit assumption. Both rows remain within the same independent
line-loss cross-check contract.

The result is therefore useful in two ways: it verifies that the available construction data can be regenerated
end to end, and it identifies exactly which published cases still need their original construction provenance
before they can be claimed as faithful reproductions.

Reconciliation and the unresolved companion case

The two knobs are shown together because either one alone leaves a substantial residual. They are diagnostic
probes, not retroactive source metadata: the artifact records the 60 Hz/order alignment as an inference.

This is a deliberate credibility boundary. The available fixture fields and the independent matrix are useful,
but without the raw conductor/screen geometry, earth-return convention, frequency, and ordering, the con-
struction map cannot be reconstructed faithfully.
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Figure 20.3: CS1035 is retained as an explicit unresolved data task rather than being labelled a successful
reproduction.



Chapter 21

Computational case guide

Page status: teaching guide to existing evidence and the scalar opening lesson.

Choose a case by the question you want to answer. Commands below run from the repository root. Start with
the scalar lesson; it needs only Python 3 and prints its result without creating files. The Julia studies use the
pinned experiments environment and may regenerate their recorded artifacts.

First calculation: parallel members

python3 experiments/lessons/parallel_members.py
python3 experiments/lessons/parallel_members.py --check

Expect a passing 165 A aggregate check, a failing 150 A first-member check, and a derived 110 A aggregate
cap. The opening lesson derives every number. Change the voltage drop, first-member rating, or open-member
state and predict the result before running it. This is exact arithmetic for a declared resistive circuit.

Assemble a model, then choose its scope

python3 experiments/lessons/assemble_network.py --check
python3 experiments/lessons/assemble_network.py --misattach-load
python3 experiments/lessons/model_choice.py --check
python3 experiments/lessons/model_choice.py --benchmark

The assembly lesson derives the matrix and checks recovered equipment currents. The deliberate mapping
error solves its own equations but fails the original circuit checks. The model-choice exercise compares nom-
inal exactness with an interval-robust current limit and measures local evaluation cost with recovery. These
commands print results without changing the evidence collection.

Import, edit, and interpret a model

The practical modelling chapter works through three failures: a rating sentinel misread as a physical zero, a
star reduction updated by deleting the wrong derived edges, and scaled multipliers reported as physical prices.
Derive the expected behavior, run the deliberately faulty alternatives, then use the source-semantic checks
to distinguish them:
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python3 experiments/lessons/practical_model_checks.py
python3 experiments/lessons/practical_model_checks.py --check

The 15 test methods include unknown and unrepresentable fields, stale reductions, linear basis checks, objec-
tive/constraint scaling, and nonunique multipliers. The field adapter is not a complete MATPOWER importer;
the dispatch example is an analytically solved scalar LP, not an OPF solve. No files are written.

Five further investigations

The coordinate and Kron commands run checks; the case generators update their artifacts. Read the associated
source and target assumptions before interpreting an accepted transformation. An inapplicable result can
correctly identify that a requested rule does not cover the input.

Eliminate two series sections

Read series elimination, then predict which assumptions permit elimination andwhich quantities need recovery.

julia --project=experiments experiments/run_series_elimination.jl

Inspect experiments/generated/degree-two-series-certificate.json for the guards, recovered quanti-
ties, and coupled near-miss.

Relabel conductors

Read conductor normalization. Predict which arrays must change together under a conductor permutation.

julia --project=experiments experiments/test/coordinate_normalization.jl

Inspect the test output and assertions for accepted coordinate actions and rejected inconsistencies. A rela-
belling should not change the declared physics.

Recover a hidden current violation

Read Kron reduction. Decide whether an exact boundary relation alone settles an internal neutral-current
constraint.

julia --project=experiments experiments/test/running_network_typed_kron.jl

Inspect the boundary residual assertions and recovered neutral-limit witness.

Put the parallel error in an AC network

Read the parallel AC case. Predict whether retaining a terminal equation also retains member feasibility.

julia --project=experiments experiments/run_multiconductor_parallel_ac.jl

Compare the source, naive, lifted, and pruned results in this artifact:
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experiments/generated/multiconductor-parallel-ac-certificate.json

Change the transformer tap domain

Read the transformer tap case. Predict what a fixed tap snapshot can establish about an adjustable study.

julia --project=experiments experiments/run_transformer_tap_ac_decision.jl

Inspect the tap domain, local solve, recovery, and objective in this artifact:

experiments/generated/transformer-tap-ac-decision-certificate.json

Prepare the larger studies

The recorded review-case workflow creates an isolated environment and a fresh output directory:

bash scripts/reproduce_clean_fixture.sh --check
bash scripts/reproduce_clean_fixture.sh

It pins the recorded Julia/package combination and runs the scoped returned- solution checks. It preserves the
earlier historical evidence. For other maintainer case generators above, instantiate the experiments environ-
ment with the sibling BMOPFTools.jl checkout and check their paired identity:

julia --project=experiments -e 'using Pkg; Pkg.instantiate()'
python3 scripts/check_federated_knowledge.py --check --bmopf-root ../BMOPFTools.jl

These direct generators may update tracked artifacts; use a separate checkout when investigating them. A
passing pair check binds the current knowledge exports, not every historical experiment. The specialized
construction study has its own Australian Carson reproduction boundaries.

Record the result you can defend

For each run, record the input revision, model assumptions, command, numerical method and tolerances,
source/target quantities, and source checks after recovery. State whether the evidence is an identity, a nu-
merical witness, or a local solver result. Explain the next question it leaves unanswered.

For example, a passing coordinate permutation checks consistency of a model under relabelling. It does not
establish that the original conductor data were correct. Agreement between two solution methods strengthens
evidence for the specified equations; shared construction assumptions still need scrutiny.

The study workbook turns these records into a complete exercise. The knowledge-base index provides the full
artifact and claim inventory when you need more detail.

Read independence at the level of the calculation

The scalar assembly uses a separate equipment evaluator, but shares the conductances and circuit laws with
its stamp builder. The transformer tap comparison changes the numerical algorithm while sharing primitive
matrices and case assembly. The balanced transmission comparison uses a separate Gaussian-elimination

https://frederikgeth.github.io/multi-graph-book/dev/reference/knowledge-base-index/#knowledge-base-index
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implementation on the declared common fixture. Each check challenges a different possible error; none au-
thenticates the inputs merely by agreeing numerically.

The running-case verification adds post-solve line-current recovery through package-owned primitives. Its
complete-feasibility gate remains indeterminate. The Australian construction study separately records unre-
solved provenance of an external reference matrix. Inspect those boundaries before treating another success-
ful run as independent support for a physical-model claim. Independent human review is a further evidence
dimension, with no promoted claims here.

Reproduce the teaching diagrams

The numerical diagrams read the standard-library lessons; the redundancy plate reads the maintained certifi-
cate files. From the repository root:

python3 experiments/render_teaching_figures.py
python3 experiments/render_parallel_certificate_geometry.py
python3 scripts/test_teaching_figures.py

Rendering requires rsvg-convert; the checks use only Python's standard library. Four regression tests check
current SVG generation, the parallel witness and circle scales, the certificate circle scale, and served-fraction
bar ratios. They do not replace scientific or visual review. The SVGs and PNG companions are maintained
together; colour is supplemented by labels, outlines and line styles.



Part 8: An end-to-end modelling study
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Building and changing a model you can check

Page status: three exact executable teaching witnesses with deliberate failures and transfer exercises; not
a production importer, incremental network compiler, or OPF price validator.

A colleague sends a network file, asks for one outage, and wants the marginal cost of serving more demand.
Each request looks routine. Each crosses a boundary where software can change the mathematical problem
without producing an error. This chapter works through those boundaries using three small models, so every
expected result can be derived before running code.

The assembly lesson supplies the method for constructing and checking equations. Here the task is to keep
their meaning intact during import, modification, and interpretation. Run all three examples from the repository
root; they require only standard-library Python and write no files:

python3 experiments/lessons/practical_model_checks.py
python3 experiments/lessons/practical_model_checks.py --check

Import meaning, not just numbers

Suppose a source record contains a branch rating of zero. Predict the result of testing a 10 MVA transfer: should
it pass, fail, or remain undecided?

There is no answer until the field convention is known. In MATPOWER's version-2 case format, RATE_A=0 speci-
fies an unlimited rating. TAP=0 indicates a line, whose ratio is mathematically unity, rather than a transformer
of zero ratio. These are documented encodings, not defects [27].

The lesson's small internal rating type separates four states:

Internal state Meaning in this example Result at 10 MVA

finite, 0 MVA impose a zero magnitude bound failed
unbounded impose no bound from this rating field passed
unknown no rating value or explicit unbounded declaration available indeterminate

not applicable this particular rating check does not apply not applicable

These are outcomes of one rating check, not a feasibility verdict on the network. The source format still
requires its fields; representing an absent field as unknown is a way to retain incomplete input for diagnosis,
not to declare it a valid MATPOWER case.

The faulty adapter copies RATE_A=0 into an internal finite zero bound. It accepts the file, retains the number
and units, and rejects the transfer. The correct field adapter decodes the sentinel and passes this particular
check. Neither result depends on solving power flow.
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A numerical round trip does not expose the faulty adapter: a mistaken reader and writer can reproduce the
same zero while imposing the wrong constraint in between. Test the decoded behavior against the source
convention. Claim PRACTICE-IMPORT-001 records this narrow counterexample.

The reverse conversion also has limits. A true finite zero bound cannot be written as RATE_A=0without changing
its meaning. The lesson refuses to encode that state, an unknown rating, or a not-applicable state into this
single field. A production exporter needs an explicitly supported alternative representation or a clear refusal.
It must not silently replace them with unlimited capacity.

For TAP, preserve both the effective ratio and the source kind: a line encoded by zero and a unity-ratio trans-
former encoded by one can share a ratio without having identical equipment semantics. Other transformer
fields and conventions are outside this field-level exercise.

Change the input. Set RATE_A=10, then test transfers of 10 and 11 MVA. Remove the rating field rather than
setting it to zero. Explain the three results before executing the checks. The finite rating passes at its bound,
fails above it, and the missing field remains unknown. No inference has supplied an equipment rating.

Rebuild after an edit before attempting reuse

Consider three resistive arms connecting boundary terminals a, b, c to an internal node n. All three conduc-
tances are 1 S. There is no current injection or shunt at n. Currents are positive from each boundary terminal
toward the center.

For nonnegative arm conductances ga, gb, gc with positive sum s, KCL gives

Un =
gaUa + gbUb + gcUc

s
, Ik = gk(Uk − Un), s = ga + gb + gc.

Eliminating the center therefore gives the exact boundary operator

K = diag(ga, gb, gc)−
1

s
ggT, g = (ga, gb, gc)

T.

For the three equal arms this is a triangle of conductance 1/3 S on each edge. Predict the new boundary
operator when the source arm n− c is opened.

Opening that arm sets gc = 0. It leaves a series path from a to b with conductance 1/2 S, and an isolated
terminal c:

Kopen =

 1/2 −1/2 0
−1/2 1/2 0
0 0 0

 S.

A tempting update deletes the two triangle edges incident to c. That leaves conductance 1/3 S between a
and b. The updated graph has the expected isolated terminal, a symmetric operator, and zero row sums, yet
it is wrong. At boundary voltages (1, 0, 0) V, the correct injection at a is 1/2 A; the faulty update gives 1/3 A.
Both boundary-current vectors sum to zero, so an aggregate current-balance check cannot discriminate them.

Recover Un = 1/2 V from the edited source, then evaluate the original arm laws to expose the mismatch.
Claim PRACTICE-UPDATE-001 concerns this specific failed update. It does not assert that reductions can never
be updated incrementally: an update using sufficient source information can be correct.
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Figure 22.1: Opening star arm n–c changes the correct a–b equivalent to 1/2 S; deleting triangle edges instead
leaves the wrong 1/3 S.

The code keeps the source conductances with each compiled operator. Using the old operator with changed
conductances raises a stale-reduction error. Rebuilding from the changed source restores agreement. The
deliberately faulty update even attaches the new source identity to the wrong matrix: correct metadata alone
does not establish that the equations were updated correctly.

For each tested source, the checker compares the matrix with a separate arm-law evaluation on all three
boundary basis vectors. Because both maps are linear, equality on that basis establishes equality throughout
their boundary-voltage space in exact arithmetic. This conclusion relies on the declared resistive model, lin-
earity and recovered center equation; it does not authenticate the conductance data or establish a general
nonlinear update method.

Change the input. After opening n − c, change gb to 2 S. Derive the remaining series conductance before
rebuilding. It is 2/3 S. Then open all three arms. The displayed inverse formula is inapplicable because s = 0;
the center voltage is undetermined, although the boundary current map can still be represented as zero. The
lesson rejects that input rather than dividing by zero or claiming that the circuit cannot be represented at all.

Recover the meaning of a multiplier

Use a separate scalar dispatch model to isolate the interpretation issue. Let p be supplied power in MW, d > 0
a demand requirement, and c > 0 a constant cost in currency/MWh. There is no upper capacity limit in this
example:
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min
p∈R

cp subject to d− p ≤ 0.

The unique optimum is p∗ = d and the cost rate is cd in currency/hour. Using the displayed inequality con-
vention, the Lagrangian is cp+ λ(d− p). Stationarity gives λ = c.

Now multiply the constraint by α > 0 and the objective by β > 0. These are explicit positive numerical scaling
factors:

L′ = βcp+ λ′α(d− p), λ′ =
βc

α
.

Dispatch is unchanged, but the raw multiplier is not. The derivative of the unscaled physical cost rate C(d) =
cd with respect to physical demand is

C ′(d) = c =
α

β
λ′.

For c = 50 currency/MWh and d = 10 MW, changing α from 1 to 100 while retaining β = 1 changes the raw
multiplier from 50 to 1/2. Both cases supply 10 MW at 500 currency/hour; both have marginal physical cost
50 currency/MWh. Reporting the raw 1/2 as that price would be an interpretation error.

This is a direct perturbation calculation, consistent with the duality and sensitivity treatment in [28]. It fixes
the inequality sign and objective convention explicitly; a solver interface using another convention requires
its own mapping. It is not an AC-OPF locational-price certificate. Claim PRACTICE-DUAL-001 records the scalar
scaling and nonuniqueness example.

Duplicate the original unscaled constraint. Stationarity now requires λ1 + λ2 = c with both multipliers non-
negative. The allocations (50, 0), (0, 50) and (20, 30) all satisfy the KKT conditions at the same optimum.
Individual constraint multipliers are not unique. If demand changes in both copies together, its cost sensitivity
is their sum. Changing only one copy is a different perturbation question.

The left panel plots the analytical multiplier against α on a logarithmic horizontal axis with β = 1. The right
panel concerns the duplicated, unscaled model. Its entire segment satisfies KKT at p = d; the three marked
points are examples, not three unique solver outputs.

Change the scaling. Set α = 100 and β = 1/1000. The raw multiplier becomes 1/2000; mapping back still
gives 50 currency/MWh. Check this by increasing demand by 1/10 MW: the physical cost rate increases by 5
currency/hour. A negative constraint scale would reverse the inequality unless the formulation were changed;
it is outside the stated rule.

Organize the implementation around these checks

Keep source records separate from generated equations and results. A source record identifies the equipment
and its declared state. A compiled object identifies the assumptions and source values used to construct it. A
result identifies the compiled object that was actually solved. A change to one does not automatically update
the others.

Start with a rebuild path whose output can be checked. Add reuse only after specifying which changes preserve
the cached object and which invalidate it. For a larger network, an invalidation key may need terminal ordering,
topology, device parameters, operating point, formulation options and implementation version. The three
conductances are sufficient only for this fixed star API.
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Figure 22.2: Positive constraint scaling changes rawmultipliers but not mapped physical sensitivity; duplicated
constraints admit a line segment of multiplier allocations.

This is the question of from-scratch consistency in incremental computation: does reusing work after an input
change agree with recomputing the specified computation [29]? For numerical solvers, compare mapped
observations and declared tolerances rather than demanding identical iterates.

Likewise, translating a source network into equations resembles a compiler pass. Translation validation checks
a particular source/target pair, with its own checker and soundness obligations [30]. The book's finite witnesses
use that idea; they are not formally verified compilers. Sharing a primitive formula or mistaken input between
builder and checker can leave a common error undetected.

Use the following sequence when a colleague reports a disagreement:

1. Identify the question. Is the disagreement about a field, equation, feasible state, recovered observa-
tion, objective, or sensitivity?

2. Keep the source. Record the exact input and edit; do not repair the only copy of the failing case in
place.

3. Rebuild and recover. Compare fresh and reused computations, then evaluate the original quantities
needed by the study.

4. Change a diagnostic input. Use an independent boundary excitation, a limit-crossing value, or a
specified perturbation. A test that both wrong and right models pass does not resolve their disagree-
ment.

5. Minimize the failure. Remove unnecessary equipment while retaining the assumptions and failure
criterion; keep that case as a regression test.
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Submit a small, reviewable correction

For one example, submit the original input, the proposed edit, your predicted result, the faulty result, and the
check that distinguishes them. State a plausible test that would not detect the problem. Finally, state what
your correction does not establish.

A satisfactory import correction distinguishes the explicit sentinel from missing data and refuses an unrepre-
sentable export. A satisfactory update correction recovers the edited source currents, including the asymmetric
transfer case. A satisfactory dual correction names the perturbation, scaling and sign convention and handles
the duplicated constraints without inventing unique individual prices. These are separate scientific obligations
even when all three implementations return numbers successfully.



Chapter 23

Study workbook

Page status: draft capstone workbook over the existing running fixture; no new solved application is claimed.

Your task is to explain and defend a computational model, including one transformation and its recovery checks.
Use the existing multiconductor running fixture. Its difficulty is deliberate: it combines conductor connections,
grounding, parallel equipment, and a multiwinding transformer. You are now using these features together
after studying smaller examples.

Before extending this case, complete one correction from Building and changing a model you can check. Its
import, outage-update and multiplier examples show how to choose a discriminating check and state what
remains unverified.

1. Declare the study

Read The running multiconductor network and Executable running network. State the operating state, the
quantities the study observes, and the decision domain actually solved by the fixture. Distinguish fixed data
from optimized variables. List at least one question the fixture does not answer.

Use the existing PF/OPF study as your starting task. Introducing a new contingency, estimator, or protection
calculation would require its own model and evidence; those are possible extensions after this exercise.

2. Trace equipment into equations

Choose one line, one grounding relation, and one transformer winding. For each, record its stable identity,
ordered terminals, units, and the equations and constraints that use its quantities. Locate its contribution in a
generated view. Explain any virtual node or arc encountered along that path.

Draw a small part of the equipment topology and the corresponding matrix support. Identify an adjacency
whose meaning changes between those views. Use the source maps supplied with the fixture rather than
guessing equipment identity from a matrix entry.

3. Predict a transformation

Choose a transformation already supported by a listed case in the computational guide. State its source,
target, applicability guards, joint observations, and recovery map. Predict which constraints need evaluation
on recovered quantities.

Do not assume that a transformation tested on a separate small fixture is applicable to the complete running
network. Either establish the guards for its chosen subsystem, or keep the small fixture as the transformation
study and explicitly record that boundary. A justified rejection is a valid result.
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4. Reproduce and recover

Follow the execution command and environment in the associated case chapter. Record the actual software
revisions, inputs, solver status where applicable, residuals, and tolerances. Compare source and target obser-
vations. Recover the eliminated quantities and evaluate the source constraints that depend on them.

Run the returned-solution verification exercise. Record the four line-current residuals, the package profile's
findings, and the reaction to the altered i2.a voltage. Explain which source quantities were recomputed
and which data or primitive construction were shared. The full feasibility-evidence gate should return
indeterminate; explain the missing all-device equation and nodal KCL evidence instead of converting that
refusal into a passing result.

If the case is locally solved, describe it as a local numerical comparison. Use a derivation or a separate bound
for any stronger feasible-set or optimality statement. Explain which construction data and algorithms are
shared by any independent comparison.

5. Challenge the conclusion

Propose one nearby input change that violates a guard: an internal shunt, a finite grounding impedance, a
changed conductor order, or a changed control domain. Predict whether it should cause rejection or require a
different rule. Run the corresponding existing negative test where available and record its actual result. Keep
a proposed extension distinct from one you have executed.

Submit a short scientific account

Your account should contain the study question; source assumptions and input identity; one diagram; the
transformation and recovery equations; a compact comparison of predicted and observed quantities; the failed
near-miss; and a precise conclusion. Include the commands needed to reproduce the work.

A satisfactory account allows another reader to identify what was checked, where the original constraints enter,
and why the conclusion stops at its stated boundary. A small residual alone is insufficient. If data, applicability,
or recovery remain unresolved, explain the missing evidence and the next calculation that would resolve it.

Worked assessment of the verification step

A defensible account reports that the unaltered case satisfies the lesson's line-current and power-balance
tolerances, while the altered voltage violates a voltage bound and disagrees with currents recovered from the
line primitives. It distinguishes initialization and active-bound warnings from violated constraints. It does not
infer global optimality from LOCALLY_SOLVED or call the whole model independently verified. The missing full
residual bundle is an explicit conclusion, not a failed exercise.

For a smaller complete decision argument, reproduce the interval model-choice exercise: explain why a 109
A nominally accepted transfer is not robust over the declared conductance interval. Submit the monotonicity
argument and recovered member currents. Keep its scalar scope separate from the multiconductor running
fixture.



Chapter 24

The running network

Page status: semantic specification; numerical realization is versioned separately.

The book uses one synthetic reference network to compare representations and transformations. The network
is deliberately small enough to draw and solve repeatedly, but it contains the features that disappear in a
conventional balanced bus–branch diagram.

This page is the semantic specification. Its first numerical realization is the executable running network,
version 0.1.0. The semantic contract remains authoritative where that fixture explicitly lists an unimplemented
feature.

The layout below is the reference drawing for the rest of the book. Later figures should be read as views or
overlays of this same source object set, not as unrelated replacement networks.

Design requirements

The running network must contain:

Figure 24.1: Reusable physical layout of the running multiconductor network.
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• ordered, nonuniform bus terminal sets;

• a four-conductor line with full mutual coupling;

• an explicit neutral and impedance grounding;

• a conductor permutation or phase discontinuity;

• heterogeneous parallel branches with distinct limits and states;

• an ideal switch represented as an object rather than merged buses;

• a genuinely multiwinding transformer;

• at least one continuous control and one discrete decision;

• measurements and operational limits;

• stable source identities and provenance for every generated object.

Source objects

The provisional bus set is

BR = {i0, i1, i2, i3, i4, i5, i6}.

The superscript R denotes the running case, not an electrical quantity. Bus terminal vectors are:

Bus Ordered terminals Role

i0 [a, b, c, n] source-side substation bus
i1 [a, b, c, n] switched feeder head and transformer primary
i2 [a, b, c, n] grounded junction and parallel-corridor receiving bus
i3 [a, b, c, n] downstream four-wire bus
i4 [a, c, n] phase-discontinuous lateral bus
i5 [a, b, c, n] secondary winding bus
i6 [a, b, c] delta tertiary winding bus

These labels are stable source identifiers. A compiled view may create virtual buses but must not reuse or
renumber these identities without a reversible map.

Two-terminal topology

The declared forward topology includes

w0i0i1 ∈ T W→,

where w0 is an ideal switch, and

ℓ1i1i2, ℓ2i1i2, ℓ3i2i3, ℓ4i3i4 ∈ T L→.
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Lines ℓ1 and ℓ2 are a heterogeneous parallel pair. They have distinct full impedance matrices, conductor
ratings, construction records, outage states, and candidate investment decisions. An aggregated admittance
may be a valid terminal-behaviour view while being invalid for the decision problem.

The generated line-identity witness makes the graph consequence explicit. In the scalar line projec-
tion of this multiconductor fixture, the four lines have one cycle-space dimension: the chord is ℓ2
against the declared tree {ℓ1, ℓ3, ℓ4}, so the cycle is the two-member parallel fibre. Collapsing un-
ordered bus pairs to a simple graph gives cycle rank zero. The switch and the three-winding trans-
former are deliberately excluded from this line-only calculation; their terminal and factor incidences be-
long to the port–factor view rather than being silently treated as scalar edges. The executable record is
experiments/generated/running-network-cycle-space-witness.json.

Line ℓ3 is a four-conductor section with nonzero mutual impedance and shunt admittance. Line ℓ4 is a three-
conductor lateral. Its terminal maps make the phase selection explicit:

Nℓ4i3 = [a, c, n], Nℓ4i4 = [c, a, n].

The deliberate permutation tests whether an implementation compares conductor coordinates before com-
posing matrices or merging sections.

Grounding

The neutral terminal at i2 is connected to earth through grounding element hn with finite admittance yhn . It
is neither a perfect voltage reference nor an annotation on the bus:

Ihn = yhnUi2,n.

The source establishes the network voltage reference through a separately declared grounding condition at i0.
The fixture also contains a small reference shunt href on tertiary terminal a at i6; it is retained as an explicit
object rather than folded into the transformer. These distinctions make the neutral-grounding counterexam-
ple observable: eliminating i2 as a zero-injection degree-two junction is invalid if the grounding relation is
forgotten.

Multiwinding transformer

Transformer x1 has three winding ports

Kx1 = {1, 2, 3}, βx1(1) = i1, βx1(2) = i5, βx1(3) = i6.

The provisional connections are grounded wye, grounded wye, and delta. Each winding has its own ordered
terminal map, reference voltage, current limit, and winding identity. Leakage data are specified as pairwise
short-circuit impedances referred to a declared winding base. No derivation may silently replace the trans-
former by three independent two-winding devices.

A compiled loss network may introduce an internal virtual bus and two-terminal branches. Its certificate must
map every generated object to x1 and the relevant winding, preserve the terminal relation, state how winding
limits are enforced, and provide a round-trip test. The first exact compilation of the fixture's pairwise leak-
age data is developed in Multiwinding leakage reference compilation. Its connection to all eleven external

https://frederikgeth.github.io/multi-graph-book/dev/transformations/multiwinding-leakage-reference-compilation/#multiwinding-leakage-reference-compilation
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winding terminals is developed in Multiwinding terminal leakage assembly. The earlier five-bus multi-port low-
ering reuses this transformer's checked interface as a structural teaching extension; it does not replace or
relocate the numerical running fixture. An explicitly marked illustrative extension then exercises excitation,
transformer-internal grounding, and fixed transfer serialization in Fixed-linear transformer factor completion
without changing the canonical BMOPFTools fixture. The associated parameterized transformer tap decision
case then adds an explicitly illustrative discrete winding control and tests decision recovery without altering the
fixture. The transformer tap AC decision case then embeds that factor in explicit network voltage, neutral-KCL,
power-balance, and recovered-current constraints.

Nodal elements and controls

The case includes:

• a voltage source s0 at i0;

• an unbalanced controllable generator g1 at i3;

• an unbalanced four-wire demand d1 at i3;

• phase-discontinuous demands d2a and d2c at i4;

• a secondary demand d3 at i5;

• a delta demand d4 at i6;

• voltage and current measurements at selected terminals;

• conductor-current limits on every line and winding.

Element connection configurations and terminal maps are explicit. A nodal attachment does not imply balanced
three-phase or phase-to-neutral connection.

Decision problems

Continuous base problem

The first executable problem is a fixed-topology multiconductor AC OPF:

min
z∈FMR

c0(Ps0) + c1(Pg1) + clossPloss + cshedPshed.

The feasible set includes terminal KCL, full conductor-coupled branch relations, transformer winding relations,
grounding, voltage limits, per-conductor current limits, device capabilities, and any fixed equipment state.

Discrete extension

A later extension makes selected states decisions:

• open or close w0;

• remove one member of the parallel pair as a contingency;

• choose a reinforcement or switching action;

• select a discrete transformer or regulator state where the device model supports it.

The continuous problem should be established first so that failures caused by representation are not confused
with failures of a mixed-integer solver.

https://frederikgeth.github.io/multi-graph-book/dev/transformations/multiwinding-terminal-leakage-assembly/#multiwinding-terminal-leakage-assembly
https://frederikgeth.github.io/multi-graph-book/dev/start/five-bus-transformer-lowering/#five-bus-transformer-lowering
https://frederikgeth.github.io/multi-graph-book/dev/start/five-bus-transformer-lowering/#five-bus-transformer-lowering
https://frederikgeth.github.io/multi-graph-book/dev/transformations/fixed-linear-transformer-factor-completion/#fixed-linear-transformer-factor-completion
https://frederikgeth.github.io/multi-graph-book/dev/transformations/parameterized-transformer-tap-decisions/#parameterized-transformer-tap-decisions
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Required views

The case will be published in at least these forms:

View Mandatory retained facts

Asset/property stable element and winding identity, provenance, construction, state ownership
Terminal connectivity ordered terminals, grounding, phase discontinuity, switch state

Port–factor device relations, arbitrary winding arity, limits, controls
Bus–branch multigraph parallel identity and compiled virtual-object provenance

Simple graph explicitly documented forgotten distinctions
OPF model variables, equations, feasible set, objective, source map

Sparsity graph variable/constraint blocks with no unsupported physical interpretation

Counterexample variants

Small variants isolate one failure at a time:

1. R-PAR: retain only ℓ1 and ℓ2 and their endpoint buses; compare aggregate admittance with member
current limits and outage decisions.

2. R-GND: retain the chain through i2 and its grounding element; test degree-two elimination with and
without the shunt relation.

3. R-PERM: retain ℓ4 and its endpoint terminal maps; test conductor-coordinate normalization.

4. R-XFMR: retain x1 and boundary injections; test multiwinding compilation, winding-limit recovery, and
round trips.

5. R-SW: retainw0 and neighbouring connectivity nodes; compare a fixed-state quotient with a model that
preserves switching as a decision.

Each variant must be small enough for an independent analytic or exhaustive check.

Preservation questions

Every transformation applied to the running case must answer:

• Are terminal voltages and currents exact over the declared operating domain?

• Are per-conductor and per-winding limits preserved or lifted?

• Are switch, outage, tap, and investment choices retained?

• Is the target feasible set exact, inner, outer, or scenario approximate?

• Is the objective identical after lifting?

• Do optimal target decisions map to admissible source decisions?

• Can eliminated currents, voltages, losses, and active constraints be recovered?

• Are every generated object and parameter traceable to source identities?
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BMOPFTools realization

BMOPFTools is the preferred first implementation platform where its component and decision models fit the
case. The book-level source specification remains implementation independent. Any BMOPFTools fixture must
record:

• the exact repository commit;

• input data and augmentation or conversion steps;

• terminal ordering and units;

• solver and environment;

• the source-to-implementation object map;

• known differences between the semantic specification and implemented model.
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Executable running network

Page status: executable fixture, local solver evidence, and a derived state-conditioned radiality witness;
claims are versioned and verification-scoped.

Status and purpose

Empirical artifact, version 0.1.0. The semantic specification now has a numerical realization in
data/running-network/v0.1.0.json. The fixture is synthetic. Its values are chosen to make represen-
tation choices observable, not to recommend equipment ratings or a particular feeder design.

BMOPFTools is the first implementation platform because its model retains ordered conductor terminals, full
impedance matrices, explicit grounding, parallel branches, switches, and an independent n_winding trans-
former model. The book-level specification remains implementation independent.

What is realized

Object class Source identities Numerical feature under test

buses i0, . . . , i6 nonuniform ordered terminal sets
switch w0 fixed closed state and per-conductor current limits

parallel lines ℓ1, ℓ2 distinct full impedances and distinct limits
coupled line ℓ3 full four-conductor series matrix
mapped line ℓ4 [a, c, n] 7→ [c, a, n] conductor permutation
grounding hn finite neutral-to-earth admittance at i2

transformer x1 WYE–WYE–DELTA three-winding model with winding limits
loads d1, d2, d3, d4 unbalanced wye, single-phase, and delta demand

generator g1 bounded continuous active and reactive decisions

BMOPFTools requires each single-phase load to be a two-terminal component. The source load d2 is therefore
compiled into d2a and d2c. That realization is recorded explicitly rather than silently redefining a partial-wye
object.

Six views of the same source

The panels are not levels in a single hierarchy. The provenance artifact also contains a non-visual simple-
topology quotient used by the cycle and radiality definitions:

1. the asset/property view retains stable physical identity;
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Figure 25.1: Six non-isomorphic views of the running network.

2. the terminal view exposes ordered conductor mappings and grounding;

3. the bus–branch multigraph supports conventional network algorithms while retaining ℓ1 and ℓ2 sepa-
rately. In the figure, x∗1 is an explicitly labelled compiled star used to draw the multi-terminal device; it
is not a claim that the transformer is physically three two-terminal lines;

4. the port–factor view represents x1 as one factor of arity three;

5. the OPF graph makes variables, constraints, limits, and decisions explicit;

6. the sparsity graph records numerical coupling but does not claim that a nonzero is a physical branch.

Every generated view must retain a source map. A label such as Phi_x1 is a generated factor identity with
source = x1; it is not a replacement asset ID. The complete maps for the six illustrated views, together with
the derived simple-topology quotient, are generated in experiments/generated/view-source-maps.json.
Automated checks require every generated object to identify an existing fixture source and bind the map to
the exact fixture and figure hashes.

The lineage is the operational companion to the view figure: virtual compiled objects are allowed, but source
identity, map identity, and recovery remain available for limits, outages, maintenance, and decisions.

Executed checks

The generation script parses the exported BMOPF JSON, runs JSON-schema and model-conformance checks,
solves a determined power flow, and solves an OPF with g1 dispatchable. The current artifact reports:
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Figure 25.2: Compilation changes objects, not provenance.

Check Result

schema valid yes
validation errors 0

validation warnings 0
expected map diagnostic I.TMAP.CROSS_PHASE_LINE
expected map diagnostic I.TMAP.PERMUTED_ORDER
power-flow termination LOCALLY_SOLVED
power-flow active loss 554.317 W

OPF termination LOCALLY_SOLVED
OPF objective -13.2000

The negative generator cost is a test device that drives g1 to its active power bounds, making the continuous
decision observable. The objective has no economic interpretation. Both the cost and this interpretation must
change before the case is used for an economic study.

Reproduce the recorded review case

The September review adds an isolated run with a recorded Julia environment, case-source hashes, and an
explicit BMOPFTools commit. From the repository root:

bash scripts/reproduce_clean_fixture.sh --check
bash scripts/reproduce_clean_fixture.sh

The first command validates recorded input hashes. The second requires the Julia version recorded in the
profile, clones the pinned dependency into a fresh run directory, installs the locked environment, regenerates
the fixture, compares selected numerical outputs with declared tolerances, and runs the verification lesson.
The recorded export uses a different schema URI from the August fixture; the workflow checks equality of all
engineering fields and records that metadata difference. Pinned replay additionally checks the exact recorded
export hash. It prints the run directory and retains its inputs, resolved environment, results, and execution log.
It never replaces the maintained evidence. Add --offline when the pinned Julia packages are cached. Use
--output /path/to/a/new/run to choose a new directory outside the repository.

The profile is in experiments/reproduction/review-2026-09-06/. It binds the specific case sources by hash
because this is an author-review working-tree snapshot, not a newly published book commit. It is a new
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recorded run; it does not repair missing metadata in an earlier experiment. Profile validation fails if a bound
input changes. For a fresh development check instead, use:

bash scripts/reproduce_clean_fixture.sh --mode current

Current mode uses the dependency repository's HEAD and resolves dependencies afresh. It tests the fixture
and scoped verification but does not claim the pinned numerical comparison. Readers should use these isolated
commands when comparing evidence; direct run_*.jl generators are maintainer commands that can replace
artifacts in the working tree.

Historical August record

The preserved August fixture record at BMOPFTools commit b7aa9a1bb48bcc8b790d3bcf5417d6a32036352a
remains under experiments/generated/clean-reproduction. Its complete resolved environment was not
recorded. Its original generated_at date was emitted as a constant by the old generator and must not be
treated as authenticated execution time. The current generator separates fixture definition date from the
actual UTC run timestamp. New run metadata is separate from deterministic fixture identity.

An explicitly requested historical reconstruction can use the old dependency revision with freshly resolved
dependencies:

bash scripts/reproduce_clean_fixture.sh --mode historical-reconstruction

That operation does not reconstruct the missing historical environment, does not run newer verification APIs
unavailable at the old revision, and makes no full historical numerical-replay claim. It writes to a fresh directory.

Check the returned solution

The current verification exercise can also run directly, without writing files:

julia --project=experiments experiments/lessons/verify_running_network.jl

It calls BMOPFTools profile_solution for supported voltage, device-limit, load-law, and network power-
balance checks. It also calls the package's line_yprim for every line, evaluates each terminal-current map
at the returned complex voltages, and compares the recovered currents with the reported currents. The
comparison includes the l4 conductor permutation. The declared absolute tolerances are 10−5 A for line-
current consistency and 10−3 W/var for the reported network power balances. They are numerical acceptance
tolerances for this fixture, not measurement accuracy or a global optimality guarantee.

A second result adds 1000 V to the real part of terminal i2.a, updates its magnitude and angle consistently, and
leaves the reported currents untouched. It must trigger a voltage-limit finding and fail line-current recovery.
The original result remains unchanged. Active-bound and initialization findings are retained in the report rather
than treated as execution failures.

Evidence boundary. Post-solve evaluation is separate from the JuMP constraints, but the inputs and package
primitive construction are shared. The profile's network power balance uses reported device powers/losses;
the additional line recovery independently checks consistency with line primitives. This does not independently
recalculate every transformer/device equation or nodal KCL from the original physical specification.

Accordingly, calling check_solved_network_feasibility on this result returns indeterminate: its required
full independent residual bundle is absent. The lesson asserts that refusal. Supplying zeros for missing residu-
als would be an invalid way to obtain a pass. Full all-device/KCL verification remains a package-owned exten-
sion, and physical model adequacy requires other evidence.
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Version 0.1.0 realization boundary

The versioned fixture is the current numerical contract, not a silent completion of every object in the semantic
specification. It includes the declared d4 delta demand and href tertiary reference shunt, and it retains w0 as
a fixed closed switch. It does not add an undeclared g2 generator or any other convenience object merely to
make a continuous solve look more complete. Future fixture versions may promote semantic-only controls,
but must change the version, source hashes, and provenance together.

Derived running-network topology states

The generated experiments/generated/running-network-radiality-witness.json lifts the topology pred-
icates to this same fixture without changing version 0.1.0's continuous PF/OPF contract. It retains the four line
identities, thew0 switch, the two compiled transformer winding connections, and every ordered terminal map.
Four derived states are compared: base switch closed, switch open, l2 outage, and the combined switch-
open/l2-outage state.

The base and switch-open states remain member-nonradial because l1 and l2 are parallel members, even
though their simple adjacency projection is radial. Removing l2 removes that member cycle. The witness
therefore reports both predicates and preserves transformer-factor provenance rather than treating the bus
quotient as the source topology.

What remains semantic-only

The fixture currently treats w0 as fixed closed. Discrete switching, contingency selection, investment choices,
measurements, and protection zones remain in the semantic specification but are not claimed as executable
in version 0.1.0. This boundary prevents a successful continuous OPF from being mistaken for validation of the
full decision model.
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Notation and modelling conventions

Page status: maintained modelling convention; not a standalone empirical claim.

This page fixes the index discipline and physical conventions used throughout the book. The starting point is the
notation of the BMOPFTools model specification, generalized only where the book must discuss representations
that BMOPFTools does not directly implement.

Symbols describe semantic ownership

An index appears on a quantity when it identifies the object or oriented attachment that owns that quantity.
Indices are not added merely because an equation is evaluated at an endpoint.

Symbol Represents Typical index

B buses or connectivity objects i, j
L lines ℓ
X transformers x
W switches w
D demands d
G generators g
H shunts and grounding

impedances
h

F edge ends or flags in the
normative multigraph object

f

P phases p, q
N terminal names p, q
A oriented incidence matrix declared bus/edge coordinates

Aℓ full two-end primitive of element
ℓ

nominal-π terminal-current map

Ar, Ac retained and candidate current
row maps

redundancy certificates

Aϕ,Ax factor-incidence maps conductor/factor assembly
F Fortescue phase-to-sequence

transform
abc↔ 012

C+ restriction to the
positive-sequence subspace

phase state→ positive sequence

E+ embedding of a
positive-sequence state

positive sequence→ phase state
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Symbol Represents Typical index

σ declared equipment/topology
state; use σe for an element
state and Gσ for its resolved

graph

active/open/closed state, not a
nominal-π subscript

π projection or quotient map when
decorated (for example πσ);

nominal-π is a model-family label

πσ for connectivity quotient; π
section for a circuit model

α scalar decision or model
coefficient; qualify the role, such

as served-load α or ZIP αZ

α in an optimization case;
αZ , αI , αP in a load law

Λ asset-to-electrical relation,
generally many-to-many rather

than a function

(a, e) ∈ Λ

ρ a declared realification map,
sequence-mixing residual, or
fitted proportionality scalar;

qualify each use

ρ(z), ρ+ or ρ⋆

κ enumeration map when
subscripted by a semantic set, or
a condition-number diagnostic

κB versus κ(A)

Θ admissible family of typed
factors or parameters; Θϕ

denotes a factor family

model-class or factor-parameter
set

η backward-error, residual, or
scenario-validity diagnostic;

qualify the source

η(x̂) or ηasm

Identifiers need not be consecutive integers. A data model may use stable strings while the mathematical
model uses the corresponding symbols. When an implementation needs an ordinary array, introduce an explicit
enumeration map, such as

κB : B ∼−→ {1, . . . , |B|}.

The semantic object is the label-indexed family (Yij)i,j∈B; the stored array is [Y ]κB(i),κB(j). This book names
the semantic indices before displaying their integer coordinate realization. Integer positions are not asset
identities, and changing the enumeration must not change a claim about the network.

For multiconductor models, boldYN
ij denotes a block map between terminal spaces. It becomes a scalar matrix

entry only after the terminal coordinates and bus enumeration have both been declared. By contrast, Yℓ is
intrinsic data owned by element ℓ and does not acquire endpoint indices merely because it appears in a nodal
assembly.

Graph objects and graph-derived counts

The normative finite undirected multigraph is

G = (V,E,F , s, ed),
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with two flags in each edge fibre ed−1(e). The complete definition, including graph loops and matrix conven-
tions, is maintained in Multigraphs for expert modelers. Power-system chapters may specialize V to buses
B and E to identified lines L, but they must not infer that specialization from an unqualified word such as
network or graph.

For the loopless bus–branch specialization, ∂(ℓ) denotes the derived unordered endpoint pair and

simp : L◦ → Es

denotes the simple endpoint projection on non-loop members. The symbols p and q remain available for
phase and terminal indices; graph maps use descriptive operators. For arbitrary-arity incidence structures,
rel : F → Rmaps a flag to its owning relation. The state-conditioned connectivity-node quotient remains πσ.

The following names are not interchangeable:

• dinc is incidence degree and counts the two flags of a graph loop twice;

• dnbr is distinct-neighbour degree in a loopless simple projection;

• incident-member count is an engineering count on identified equipment and equals dinc only in the
declared loopless specialization;

• terminal count belongs to a port model; and

• row or block nonzero count belongs to a compiled matrix-support graph.

Likewise,B denotes a generic signed graph-incidence matrix in the expert reference chapter, whileA remains
the preferred power-system incidence symbol in the engineering chapters. Both use −1 at the selected tail
and +1 at the head unless a reproduced source declares another convention.

Oriented element triples

A two-terminal branch is identified independently of its orientation. Its physical incidence is the unordered
endpoint pair ∂ℓ = {i, j}. For a line ℓ whose stored reference orientation is from bus i to bus j, write

ℓij ∈ T L→ ⊆ L× B × B.

The opposite terminal arc and the bidirected terminal-arc set are

T L← = { ℓji | ℓij ∈ T L→ }, T L = T L→ ∪ T L←.

The triple retains the identity of parallel branches. The arrow is a coordinate and terminal-order convention; it
does not assert the operating direction of current or active power. Transformer and switch topology sets T X

and T W use the same pattern when the device is genuinely two-terminal.

Quantities belonging to an oriented terminal or arc use the triple index:

Iℓij , Sℓij , Ysh
ℓij .

https://frederikgeth.github.io/multi-graph-book/dev/foundations/multigraphs-for-modelers/#multigraphs-for-modelers
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The two terminal quantities need not be negatives: terminal currents can include local shunts, and the two
shunt half-sections may be asymmetric. A stored-orientation reversal swaps endpoint records; only a declared
internal series-current coordinate has the simple antisymmetry relation. The full distinction is developed in
Orientation, terminal quantities, and power transfer.

Element-intrinsic quantities

A physical parameter that does not change when the branch orientation is reversed carries only the element
index. For a multiconductor line,

Zs
ℓ = Rℓ + jXℓ

is the series impedance of line ℓ. It is not written Zℓij unless the model actually assigns different directional
constitutive data. Likewise, length is Lℓ and an element-level construction or provenance record belongs to ℓ.

This distinction is central to the book:

• ℓ identifies the physical or model element;

• ℓij identifies one oriented attachment of that element;

• ℓji identifies the opposite attachment;

• terminal maps determine how the element's ordered conductor coordinates meet the endpoint buses.

Bus terminals and terminal maps

Each bus i declares an ordered terminal vector

Ni = [Ni,1, . . . , Ni,ni ],

for example [a, b, c, n]. Its complex terminal-to-ground voltages form

Ui ∈ Cni .

An element does not assume that two buses have identical terminal order or even identical terminal sets.
The ordered terminal maps Nℓi and Nℓj select the bus terminals to which the ordered conductors of line ℓ
attach. Conductor permutations and phase discontinuities are therefore explicit mappings, not hidden matrix
conventions.

For the declared forward orientation, a nominal series relation has the form

Uj [Nℓj ] = Ui[Nℓi]− Zs
ℓIs

ℓij .

The matrix Zs
ℓ is full unless a more restrictive model is declared.
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Current and power signs

Terminal currents are defined relative to the terminal at which they enter an element. In the bus balance, the
corresponding contribution is given the sign required by the declared KCL convention. Every chapter must
state that convention before using an unqualified current direction.

For this book, the preferred physical statements use complex terminal vectors. Rectangular real and imaginary
parts are an implementation realization. Per-conductor complex power at an oriented terminal is

Sℓij = Ui[Nℓi] ◦ I∗ℓij ,

where ◦ is the Hadamard product and (·)∗ is element-wise conjugation.

The pair (Sℓij , Sℓji) consists of terminal complex-power injections into the element. It is not generally one
conserved edge flow: a series impedance absorbs power even when its end currents are opposite, and internal
nominal-π shunts also make the terminal currents non-antisymmetric. An unqualified phrase such as power
from i to j must therefore identify both the terminal sign convention and the operating quantity being reported.

Multi-terminal and multiwinding devices

A genuinely multi-terminal device is not assigned an artificial pair of endpoint buses. A transformer x has an
ordered winding or port set Kx. Its attachment map is

βx : Kx → B, βx(k) = i,

and winding k has its own terminal map Nxk, connection, reference voltage, current variables, limits, and
provenance. Pairwise short-circuit data may be indexed by winding pairs, while a reconstructed winding-star
or primitive admittance remains owned by x.

Only an explicit compilation may replace x by two-terminal elements and virtual internal buses. The generated
arcs then receive their own identities and triples, together with a map back to (x, k) and to any generated
internal object.

In this book, winding counts a transformer port or voltage-level connection unless a passage explicitly refers
to physical coils.

Nodal attachments

A nodal element uses an element–bus pair, such as

di ∈ CD, gi ∈ CG, hi ∈ CH .

Its ordered terminal or connectionmap is recorded separately. A load attached at bus i is not therefore assumed
to be three-phase, wye-connected, or phase-to-neutral.

Compound nodal operator

The scalar-to-matrix transition is a change in coordinate space, not a change of graph vocabulary. A scalar
branch law uses iℓij = yℓ(vi− vj); the multiconductor analogue uses ordered vectors and a matrix primitive.
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The translation bridge and its diagram-reading checklist are given in How to read power-network diagrams and
equations.

The assembled linear current–voltage operator on a declared ordered set of retained junction coordinates is

I = YNU.

The superscript N means nodal and does not imply a scalar, positive-sequence, or simple-graph model. Con-
ventional Ybus and Ybus are retained as aliases when reproducing software interfaces or established scalar
bus-matrix language, but every use must state the coordinate order and model class. A reduced image is
distinguished as Ŷ or YK; it is not silently overwritten onto the source operator.

Ground, neutral, and reference

The following are distinct:

• a voltage reference used to remove gauge freedom;

• the physical earth or an earth-return model;

• a neutral conductor;

• a perfectly grounded terminal;

• a grounding impedance or admittance;

• the elimination of a neutral variable by a declared reduction.

No chapter may use ground as an unqualified synonym for all of them. Perfectly grounded terminals have fixed
voltage. Impedance grounding is an explicit shunt or factor. A neutral conductor remains a network conductor
unless an admissible transformation eliminates it.

Parameters, variables, and sets

The mathematical prose distinguishes:

• ordinary italic lower-case symbols for scalars;

• bold symbols for vectors and matrices;

• calligraphic symbols for sets;

• roman subscripts or superscripts for descriptive roles such as sh or ref;

• a superscript ∗ for complex conjugation and H for conjugate transpose.

The HTML may use colour to distinguish real and complex quantities or parameters and variables, following
BMOPFTools. No definition may depend on colour: typography, prose, and context must remain complete in
monochrome PDF output.

The same rule applies to generated figures. Titles, labels, line styles, panel placement, and captions carry the
interpretation; colour only provides a secondary visual cue. In matrix-pattern figures, filled cells mean nonzeros
and the panel title identifies the matrix or formulation. In the running network multiview, x∗1 is labelled as a
compiled star so its orange styling is not the sole indication of compilation.

https://frederikgeth.github.io/multi-graph-book/dev/start/how-to-read-diagrams-and-equations/#how-to-read-diagrams-and-equations
https://frederikgeth.github.io/multi-graph-book/dev/start/how-to-read-diagrams-and-equations/#how-to-read-diagrams-and-equations
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Units and coordinate systems

Foundational physical equations use SI units. A per-unit system, sequence transform, conductor permutation,
or real rectangular realization is a declared coordinate transformation. Its bases, ordering, orientation, and
inverse or recovery map belong in the transformation record.

Equality of raw arrays is not evidence of physical equality when their terminal order, units, reference direction,
or base differ.

Decision notation

A modelM defines both equations and an admissible set FM . A decision problem is written abstractly as

min
z∈FM

fM (z),

where z may include network states, continuous controls, and discrete decisions. A transformation is not
decision preserving merely because it reproduces selected voltages. Its contract must state the relationship
between source and target feasible sets, objectives, active constraints, and optimal decisions.

Local deviations

A chapter may introduce specialized notation when that notation makes a derivation substantially clearer. It
must provide a local symbol table and an explicit map to this contract. Silent changes of current direction,
terminal order, impedance base, or winding meaning are not permitted.
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